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Abstract: In this paper, an efficient multi-step scheme is presented based on reproducing kernel Hilbert space (RKHS) theory for solving ordinary stiff differential systems. The solution methodology depends on reproducing kernel functions to obtain analytic solutions in a uniform form for a rapidly convergent series in the posed Sobolev space. Using the Gram-Schmidt orthogonality process, complete orthogonal essential functions are obtained in a compact field to encompass Fourier series expansion with the help of kernel properties reproduction. Consequently, by applying the standard RKHS method to each subinterval, approximate solutions that converge uniformly to the exact solutions are obtained. For this purpose, several numerical examples are tested to show proposed algorithm’s superiority, simplicity, and efficiency. The gained results indicate that the multi-step RKHS method is suitable for solving linear and nonlinear stiffness systems over an extensive duration and giving highly accurate outcomes.
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1  Introduction

During studying and modeling many basic physical phenomena, such as chemical kinematics, aerodynamics, electrical circuits, ballistics, control models, and missile guidance, a type of differential equations appears that is difficult to solve through traditional numerical procedures, called differential stiffness system, which was first highlighted in the work of Curtiss and Hirschfelder [1–6]. Mathematical stiffness models reflect the different growth rates and various dynamic processes of the considered physical systems. It arises when some of the solution components decay much more rapidly than other components because they contain the term e−λt, λ>0. Anyhow, in the last few years, several analytical methods have been exploited to give approximate solutions for ordinary differential stiff systems and physical models, including residual power series method, homotopy perturbation method, multistep second derivative method, variational iteration method, differential transform method, and block method [7–16]. Among the effective numerical methods that used to handle several types of ordinary differential equations is the reproducing kernel Hilbert space (RKHS) method. In this direction, to see more information, definitions, kinds of operators, and applications of RKHS method in solving differential and integrodifferential equations of different types and orders, the reader is asked to refer to [17–24]. By and large, when trying to apply numerical and analytical methods to solve stiff system, it fails. Indeed, the approximate solutions are valid only for a very small interval with slowly convergent as well as completely diverge in a longer interval. More specifically, consider the following stiff system:

x′(t)=−x(t)−15y(t)+15e−t,

y′(t)=15x(t)−y(t)−15e−t,
(1)

subject to the initial conditions


x(0)=y(0)=1,t∈[0,5].
(2)

By classical RKHS method to solve this system with 100 nodes, the numerical results will be achieved under the rapid increase of the error as shown in Fig. 1. Simultaneously, increasing the number of nodes leads to the need for large computer memory along with long operating times, and cumulative errors may also affect the accuracy of the solutions. However, to overcome such drawbacks, an advanced numerical algorithm will be formulated based on dividing any temporal interval into small subintervals and then applying the standard RKHS method on each subinterval. This technique is called a multi-step reproducing Hilbert space (MS-RKHS) method. It is worth noting here that there are advanced methods in the literature to address many different engineering and physical problems, for more detail we refer to [25–30] and references therein.
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Figure 1: (a) Exact (--) and classic RKHS approximate (---) solutions of system (1), (2); (b) Absolute error

By and large, there are no conventional analytical or semi-approximate methods that produce precise approximate or closed-form solutions for stiff differential systems. Therefore, there has become an urgent need for effective numerical algorithms to find accurate solutions for such models especially for large periods of time. This gives us the incentive, in this work, to explore effective accurate solutions [31–39]. Motivated by the previous discussion, our study aims to design a novel iterative algorithm to generate an analytical solution to stiff models of ordinary differential equations over a large duration through the use of a multi-step technique. To begin with, two reproducing kernel functions are established to generate a complete orthonormal basis in the Hilbert space. Based on reproducing kernel property, linear, bounded, and invertible differential operator is defined to create an analytical solution of the proposed model over a dense partition of the time period. In this direction, the approximate solution converges uniformly to the analytical solution. Error analysis is discussed as well. Lastly, some numerical examples are presented to illustrate the reliability and efficiency of the suggested multi-step approach. This paper is organized in five sections including the introduction. In Section 2, a brief description of the RKHS method is given. In Section 3, the MS-RKHS method is presented. In Section 4, several examples are given. Finally, a short conclusion is presented in Section 5.

2  Reproducing Kernel Hilbert Space Method

A reproducing kernel space is a Hilbert space H of functions defined on an abstract set X so that for each x∈X, the evaluation functional for x,δx(f)=f(x),f∈H, is continuous on H. The Riesz representation theorem gives a unique function K:X×X→C such that:

1.    ∀x∈X,K(.,x)∈H,

2.    ⟨f,K(.,x)⟩=f(x) for all x∈X and for all f∈H,

where K is the reproducing kernel function of H.

The reproducing kernel function possesses many nice properties, including it being unique, positive definite, conjugate symmetric. For the theory and applications of RKHS, we refer to [40–45].

Definition 2.1 [46]: The function space W21[a,b] is defined as

W21[a,b]={u:[a,b]→R:u∈AC[a,b],u′∈L2[a,b]}.
The inner product for u,v∈W21[a,b] is given by ⟨u,v⟩W21=u(a)v(a)+∫abu′(t)v′(t)dt and the norm of u is ‖u‖W21=⟨u(t),u(t)⟩W21.

Theorem 1.1 [46]: The space W21[a,b] is a complete RKHS of the reproducing kernel function Gt(s) so that Gt(s)={ 1−a+t, s≤t,1−a+s, s>t.

Definition 2.2 [47]: The function space W22[a,b] is defined by

W22[a,b]={u:u,u′∈AC[a,b],u′′∈L2[a,b],u(a)=0},
with inner product for u,v∈W22[a,b] given by ⟨u,v⟩W22=u′(a)v′(a)+∫abu′′(t)v′′(t)dt, and the norm of u is ‖u‖W22=⟨u(t),u(t)⟩W22.

Theorem 2.2 [47]: The space W22[a,b] is a complete RKHS with reproducing function

Kt(s)={16(s−a)(2a2−s2+3t(2+s)−a(6+3t+s)),s≤t,16(t−a)(2a2−t2+3s(2+t)−a(6+3s+t)),s>t.
Hereinafter, we consider the following stiff system:


x′i(t)=fi(t,x1,x2,…,xm),t∈[a,b],i=1,2,…,m,m∈N,
(3)

along with the following initial conditions (ICs)


xi(t0)=ci,t0≥0.
(4)

To solve system (3)–(4) using the RKHS method, we first homogenize ICs (4) in light of the following transformation:


yi(t)=xi(t)−ci,i=1,2,3,…,m,
(5)

which leads to the following system:


y′i(t)=fi(t,y1+c1,y2+c2,…,ym+cm),yi(t0)=0.
(6)

Subsequently, we define the differential operator L:W22[a,b]→W21[a,b] such that Lyi(t)=y′i(t),i=1,2,…,m. Hence, the system (6) can be rewritten as follows:


Lyi(t)=fi(t,y1+c1,y2+c2,…,ym+cm),yi(t0)=0,t0≥0,i=1,2,…,m.
(7)

Herein, we have to construct an orthogonal function system of the space W22[a,b]. To do this, consider the countable dense set {ti}i=1∞ of [a,b], and let φi(t)=Gti(t) and ψi(t)=L∗φi(t), where L∗ is the adjoint operator of L. In terms of the properties of the reproducing kernel Gt(.), we obtain

⟨uj(t),ψi(t)⟩W22=⟨uj(t),L∗φi(t)⟩W22=⟨Luj(t),φi(t)⟩W21=Luj(ti),i=1,2,…,j=1,2,…,m.
Next, we will use the Gram-Schmidt orthogonalization process on {ψi(t)}i=1∞ to form the orthonormal function system {ψi¯(t)}i=1∞ of W22[a,b].

Let ψi¯(t)=∑l=1iβilψl(t),i=1,2,3,…, where βil are the orthogonalization coefficients which are given by

β11=1‖ψ1‖W22, βii=1‖ψi‖W222−∑p=1i−1⟨ψi(t),ψp¯(t)⟩W222, and βil=−∑p=1i−1⟨ψi(t),ψp¯(t)⟩W22βpl‖ψi‖W2−∑p=1i−1⟨ψi(t),ψp¯(t)⟩W222, for i>l.

The following theorems give the form of the solution of system (6).

Theorem 2.3: If {ti}i=1∞ is dense on [a,b] and the solution of system (6) is unique, then it has the form yi(t)=∑i=1∞∑l=1iβilfi(tl,y1+c1,y2+c2,…,ym+cm)ψi¯(t).

The N-term approximate solution yiN(t) of system (6) is given by the finite sum:


yiN(t)=∑i=1N∑l=1iβilfi(tl,y1(tl)+c1,y2(tl)+c2,…,ym(tl)+cm)ψi¯(t).
(8)

Eventually, the solution of system (3) is obtained as xiN(t)=yiN(t)+ci,i=1,2,…,m.

3  Multi-Step Reproducing Kernel Hilbert Space Method

To clarify the MS-RKHS method that used in this work to find approximate solutions of system (3), we divide the interval [a,b] into equal length subintervals [tn−1,tn],n=1,2,…,M, h=b−aM and nodes t0=a,tn=a+nh. Thus, to construct the approximate solution of system (3), we first apply the standard RKHS method to the problem:

x′1i(t)=fi(t,x11,x12,…,x1m),x1i(a)=ci,t∈[a,t1],i=1,2,…,m,
to get the approximate solution:


x1iN(t)=∑i=1N∑l=1iβ1ilfi(tl,x11(tl),x12(tl),…,x1m(tl))ψ1i¯(t)+ci.
(9)

Second, we apply the standard RKHS method again to the problem:

x′2i(t)=fi(t,x21,x22,…,x2m),x2i(t1)=x1iN(t1),t∈[t1,t2],i=1,2,…,m,
to get the approximate solution:


x2iN(t)=∑i=1N∑l=1iβ2ilfi(tl,x21(tl),x22(tl),…,x2m(tl))ψ2i¯(t)+x1iN(t1).
(10)

Continuing this process at each subinterval and applying the standard RKHS method to the problems:

x′ni(t)=fi(t,xn1,xn2,…,xnm),xni(tn−1)=x(n−1)iN(tn−1),t∈[tn−1,tn],i=1,2,…,m,m∈N,
to get the approximate solutions:

xniN(t)=∑i=1N∑l=1iβilfi(tl,xn1(tl),xn2(tl),…,xnm(tl))ψni¯(t)+x(n−1)iN(tn−1),n=1,2,…,M.
So, the solution of system (3) using the MS-RKHS method is given by


xniN(t)={x1iN(t),t∈[a,t1],x2iN(t),t∈[t1,t2],⋮⋮xMiN(t),t∈[tM−1,b].
(11)

4  Numerical Examples

In this section, we will apply the MS-RKHS method described in Section 3 to solve some linear and nonlinear examples of stiff systems. In each example, we compare the exact solution with the approximate one when N = 100. The results are given in tables and graphs. Computations will be performed via Mathematica 10.0 software package.

Example 4.1: Consider the following homogeneous linear stiff system:

x′(t)=−x(t)+95y(t),

y′(t)=−x(t)−97y(t),
(12)

subject to the initial conditions x(0)=y(0)=1.

The exact solution of system (12) is x(t)=147(95e−2t−48e−96t) and y(t)=147(48e−96t−e−2t). Table 1 and Fig. 2 show the numerical results for t∈[0,1]. While, If we take t∈[0,5], then the numerical and graphical results presented in Table 2 and Fig. 3 show the efficiency of the multi-step method to solve stiff system (12).
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Figure 2: Plots of exact and approximate solutions and absolute error of Example 4.1 for t∈[0,1] with step size 0.1: (a) x(t), (b) |x(t)−xN(t)|, (c) y(t), (d) |y(t)−yN(t)|
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Figure 3: Plots of exact and approximate solutions and absolute error of Example 4.1 for t∈[0,5] with step size 0.5: (a) x(t), (b) |x(t)−xN(t)|, (c) y(t), (d) |y(t)−yN(t)|

Example 4.2: Consider the following nonhomogeneous linear stiff system:

x′(t)=−x(t)−15y(t)+15e−t,

y′(t)=15x(t)−y(t)−15e−t,
(13)

subject to the initial conditions x(0)=y(0)=1.

The exact solution of system (13) is x(t)=y(t)=e−t. Numerical and graphical results of system (13) for t∈[0,5] with step size 0.5 are shown in Table 3 and Fig. 4. Furthermore, a comparison between the absolute error results is provided in Table 4 by using the classical RKHS method and MS-RKHS for t∈[0,1] with step size 0.1 and N=100 to illustrate the superiority of the proposed multi-step approach.
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Example 4.3: Consider the following nonlinear stiff system:

x′(t)=−1002x(t)+1000y2(t),

y′(t)=x(t)−y(t)−y2(t),
(14)

subject to the initial conditions x(0)=y(0)=1.

The exact solution of system (14) is x(t)=e−2t,y(t)=e−t. Herein, Table 5 and Fig. 5 show the numerical results for t∈[0,1] with step size 0.1 and N=50.
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Figure 4: Plots of exact and approximate solutions and absolute error of Example 4.2 for t∈[0,5] with step size 0.5: (a) x(t), (b) |x(t)−xN(t)|, (c) y(t), (d) |y(t)−yN(t)|
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Figure 5: Plots of exact and approximate solutions and absolute error of Example 4.3 for t∈[0,1] with step size 0.1: (a) x(t), (b) |x(t)−xN(t)|, (c) y(t), (d) |y(t)−yN(t)|

Example 4.4: Consider the following stiff system:

x′(t)=−20x(t)−0.25y(t)−19.75z(t),
y′(t)=20x(t)−20.25y(t)+0.25z(t),

z′(t)=20x(t)−19.75y(t)−0.25z(t),
(15)

subject to the initial conditions x(0)=1,y(0)=0,z(0)=−1.

The exact solution of system (15) is given as

x(t)=12(e−0.5t+e−20t(cos20t+sin20t)),
y(t)=12(e−0.5t+e−20t(cos20t−sin20t)),
z(t)=−12(e−0.5t+e−20t(cos20t−sin20t)).
In the following, some numerical and graphical simulation of Example 4.4 are performed in Table 6 and Fig. 6 for t∈[0,2] with step size 0.2.
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Figure 6: Plots of the exact and approximate solutions of Example 4.4 for t∈[0,2] with step size 0.2: (a) x(t), (b) y(t), and (c) z(t)

5  Conclusion

In this work, a modified multi-step algorithm, the MS-RKHS method, has been lucratively implemented based on the standard RKHS method to obtain approximate solutions of stiff systems of ordinary differential equations. Several examples of linear and non-linear stiff systems have been given to show the efficiency of the proposed method. The achieved results have been presented numerically and graphically as well. By comparing our results with the exact solutions and classical RKHS method, we observe that the MS-RKHS method yields accurate approximations. Moreover, using the MS-RKHS method, the intervals of convergence for the series solution will increase without needing large computer memory, which takes less time to give accurate numerical results. For the near future work, the presented multi-step approach will be applied for solving stiff systems of fractional and partial differential equations along with nonclassical conditions.
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Table 1: Numerical results of Example 4.1 for 7€ [0, 1] with N =21 and step size 0.1 using multi-
step RKHSM

1 Exact solution Approximate solution Absolute error
x(0) y () N N [x@=xNo| o -Nol
0.0 1.0 1.0 1.0 1.0 0.0 0.0

0.1 1.6548121396 —0.0173506335 1.654805717 —0.017348590 6.422x 107°  2.043x 10~°
0.2 1.3549022160 —0.0142621240 1.354894969 —0.014262047 7.247x 10°°  7.656 x 10~%
0.3 1.1093001155 —0.0116768433 1.109291216 —0.011676750 8.900 x 1076 9.368 x 10~%
0.4 0.9082181190 —0.0095601907 0.908208404 —0.009560088 9.715x 106  1.023 x 107
0.5 0.7435861045 —0.0078272222 (0.743576162 —0.007827117 9.943x 107°  1.047 x 1077
0.6 0.6087968113 —0.0064083875 0.608787043 —0.006408285 9.768 x 10=°  1.028 x 10~7
0.7 0.4984406718 —0.0052467440 0.498431341 —0.005246646 9.331x 107°  9.822x 10~%
0.8 0.4080887066 —0.0042956706 0.408079976 —0.004295579 8.731x 107°  9.190 x 10~%
0.9 0.3341147741 —0.0035169976 0.334106733 —0.003516913 8.042x 107°  8.465x 10~%
1.0 0.2735500406 —0.0028794741 0.273542725 —0.002879397 7.315x 1076 7.700 x 10~%
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Table 3: Numerical results of Example 4.2 for 7 €[0,5] with N =100 and step size 0.5

Exact solution

Approximate solution

Absolute error

x(1)

1.0
0.606530660
0.367879441
0.223130160
0.135335283
0.082084999
0.049787068
0.030197383
0.018315639
0.011108997
0.006737947

y@

1.0
0.606530660
0.367879441
0.223130160
0.135335283
0.082084999
0.049787068
0.030197383
0.018315639
0.011108997
0.006737947

Ny

1.0
0.60609391
0.36763189
0.22314860
0.13540774
0.08209116
0.04975296
0.03017548
0.01831587
0.01111501
0.00673895

Ny

1.0
0.60634775
0.36748098
0.22284073
0.13524695
0.08208412
0.04977541
0.03016635
0.01829131
0.01110090
0.00673774

[x ) =N (|
0.0

436751 x 1074
2.47550 x 1074
1.84386 x 105
7.24519 x 1073
6.15998 x 10~°
3.41069 x 1073
2.18995 x 1073
2.34129 x 1077
6.01794 % 10-°
1.00748 x 10-6

@-yNwo|
0.0

1.82911 x 10~*
3.98458 x 1074
2.89434 x 1074
8.83309 x 10~°
8.83126 x 1077
1.16543 x 103
3.10316 x 1073
243286 x 10~
8.09984 x 10-°
2.02362 x 1077





OEBPS/Images/table-6.png
0.0
0.2
04
0.6
0.8
1.0
1.2
14
1.6

20

Table 6: Numerical results of Example 4.4 for 7€ [0,2] with N =50 and step size 0.2

Exact solution

Approximate solution

Absolute error

x (1) y

1.0 0.0

04395021 0.4514740
0.4095069 0.4095557
0.3704101 0.3704049
0.3351560 0.3351601
0.3032653 0.3032653
0.2744058 0.2744058
0.2482927 0.2482927
0.2246645 0.2246644
0.2032848 0.2032848
0.1839397 0.1839397

()

-1.0
—0.4533634
—0.4091750
—0.3704134
—0.3351600
—0.3032653
—0.2744058
—0.2482927
—0.2246645
—0.2032848
—0.1839397

Ny

1.0
04395192
0.4095064
0.3704101
0.3351600
0.3032653
0.2744058
0.2482927
0.2246645
0.2032848
0.1839397

o

0.0
0.4514716
0.4095553
0.3704049
0.3351601
0.3032653
0.2744058
0.2482927
0.2246645
0.2032848
0.1839397

Ny

-1.0

~0.4533659
~0.4091754
~0.3704133
—0.3351600
~0.3032653
~0.2744058
—0.2482927
—0.2246645
~0.2032848
~0.1839397

Er[x ]
0.0
171107
4.69 x 1077
1.10x 108
137x 108
151x 1078
2.74% 107
4.96x 1077
6.73x 107
8.12x 107
9.18x 1070

Er[y(n)]
0.0
244x10°6
407 %1077
285x 1078
131x 108
151%10°%
2.74% 1077
496x107°
6.73x 1077
8.12x107°
9.18x 1077

Er[z(n]
0.0
245107
4241077
627x 107
137x 108
151x10°%
274%10°°
496% 1070
6.73x107°
8.12x107°
9.18 % 10
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Table 4: Comp:

MS-RKHS method

n between the absolute error of Example 4.2

Classical RKHS method

X0 =N
0.0

2.08021 x 10~*
3.021354 x 106
1.63228 x 105
4.262052 x 10~°
1.30944 x 1075
5.40758 x 10~°
9.81349 x 1076
548313 x 10°°
7.51799 x 107°
5.61491 x 1076

y@o=yNm|
0.0

1.89750 x 103
3.71606 x 103
2.06367 x 103
6.39627 x 1077
8.91258 x 107°
2.38993 x 1073
1.68221 x 107°
1.63801 x 10-°
3.68070 x 107°
1.47367 x 105

Ix(0) =N @)
0.0

2.37317x 103
1.39728 x 1073
2.14532x 1073
8.62032 x 1074
1.78439 x 1073
5.70963 x 10~*
1.55884 x 1073
267113 x 1074
1.26306 x 103
1.22320 x 1074

y@-yNol
0.0

1594412 x 1073
2219421 x 1073
1.149373 x 1073
1995360 x 1073
6.742894 x 10~4
1.642269 x 103
4.327679 x 104
1429285 x 103
1.670565 x 1074
1.146724 x 1073
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Table 2: Numerical results of Example 4.1 for 7€ [0, 5] with N =56 and step size 0.5

Exact solution

Approximate solution

Absolute error

x(1)
1.0

0.743586104
0.273550041
0.100633436
0.037020972
0.013619254
0.005010244
0.001843166
0.000678063
0.000249445
0.000091766

y

1.0

—0.00782722
—0.00287947
—0.00105930
—0.00038969
—0.00014336
—0.00005274
—0.00001940
—0.00000714
—0.00000263
—9.66 x 1077

Ny

1.0
0.74356076
0.27353139
0.10062315
0.03701593
0.013616933
0.005009219
0.001842726
0.000677878
0.000249369
0.000091735

N0

1.0
—0.007826955
—0.002879278
~0.001059191
—0.000389641
—0.000143336
—0.000052729
~0.000019397
~7.136 x 10~¢
—~2.625x 107°
~9.656 x 107

|x () —xN ()
0.0

2.535x 1073
1.865 x 103
1.029 x 103
5.047x107¢
2321 x107¢
1.025 % 107°
4397 x 1077
1.849 % 1077
7.651 x 1078
3.127x 1078

- Nol
0.0

2.66788 x 10~7
1.96290 x 107
1.08315 x 1077
5.31282x 107%
2.44306 x 10~%
1.07848 x 10~8
4.62868 x 107
1.94602 x 10~
8.05375 % 10710
3.29195 x 1010
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Table 5: Numerical results for Example 4.3 for 7€[0,1] with N =50 and step size 0.1

Exact solution

x(0)
1.0

0.81873075
0.67032005
0.54881164
0.44932896
0.36787944
0.30119421
0.24659696
0.20189652
0.16529889
0.13533528

y(

1.0
0.90483742
0.81873075
0.74081822
0.67032005
0.60653066
0.54881164
0.49658530
0.44932896
0.40656966
0.36787944

Approximate solution

Ny

1.0
0.8187307822
0.6703198314
0.5488109551
0.4493279923
0.3678783066
0.3011930055
0.2465957491
0.2018953375
0.1652977696
0.1353342428

N

1.0
0.9048372323
0.8187302073
0.7408173855
0.6703189816
0.6065294173
0.5488102592
0.4965838294
0.4493274232
0.4065680784
0.3678778411

Absolute error

[x () =N
0.0

29116 x 1078
2.1460 x 1077
6.8103 x 1077
9.7177 x 107
1.1346 x 107°
1.2064 x 106
1.2148 x 1076
1.1805 x 10~°
1.1187 x 1076
1.0404 x 10~°

@o-Nol
0.0

1.8569 x 1077
5.4579 x 1077
8.3518 x 1077
1.0645 x 10-¢
1.2425x 106
1.3769 x 106
1.4744 x 106
1.5409 x 10-°
1.5813 x 1076
1.6001 x 10-°
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