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Abstract: In this paper, we propose a new extension of the traditional Rayleigh distribution called the modified Kies Rayleigh distribution. The new distribution contains one scale and one shape parameter and its hazard rate function can be increasing and bathtub-shaped. Some mathematical properties of the new distribution are derived including quantiles and moments. The parameters of modified Kies Rayleigh distribution are estimated based on progressively Type-II censored data. For this purpose, we consider two estimation methods, namely maximum likelihood and maximum product of spacing estimation methods. To compare the efficiency of the proposed estimators, a simulation study is carried out. To show the applicability of the new model as well as the estimation methods, one real data for failure times of software is analyzed. Based on the empirical parts, we can conclude that the proposed model can be considered as a good model in the field of life testing and reliability analysis compared with other competing models.
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1  Introduction

The Rayleigh distribution was originally introduced by [1] to study problems in acoustics and optics fields. It has a strong modeling ability of positive skewed data gathered from many fields such as life sciences, reliability analysis and engineering. Moreover, It has gained a great attention from engineers and physicists to model radiation, synthetic aperture radar images, and wave propagation. The Rayleigh distribution can be considered as a special case from two-parameter Weibull distribution with shape parameter equals two. The hazard rate function of the Rayleigh distribution is an increasing failure rate which makes it a good choice to model data with age rapidly over time. The probability density function (PDF) of the Rayleigh distribution is given by

g(x;θ)=2θxe−θx2,x>0,θ>0(1)

and the corresponding cumulative distribution function (CDF) is

G(x;θ)=1−e−θx2,(2)


where θ is a scale parameter. It has a disadvantage since the distribution has only a scale parameter and this makes the distribution is not able to model various hazard rate shaped. The need for a new modification to the Rayleigh distribution is still an attractive topic to overcome this disadvantage. Many authors introduced a new generalizations to the Rayleigh distribution, see for example, generalized Rayleigh distribution proposed by [2], beta generalized Rayleigh distribution by [3], transmuted Rayleigh distribution by [4], slashed exponentiated Rayleigh distribution by [5], Weibull Rayleigh distribution by [6], Marshall-Olkin extended generalized Rayleigh distribution by [7] and Slashed generalized Rayleigh distribution by [8]. Recently, the estimation of parameters for some generalizations of Rayleigh distribution under censoring schemes is very common [9] studied the generalized Rayleigh distribution based on a progressive Type-II censored data [10] considered estimation of parameters of an inverted exponentiated Rayleigh distribution based on Type II progressive censored data [11] considered the problem of estimating parameters of the inverted exponentiated Rayleigh distribution based on adaptive Type II progressive hybrid censored data.

Recently, based on the T-X family pioneered by [12], Al-Babtain et al. [13] proposed a new generalized family of continuous distributions called modified Kies generalized (MKi-G) family. Let G(x;ψ) is the baseline CDF with parameter vector ψ, then the CDF and the PDF of the MKi-G family are given, respectively, by

F(x;a,ψ)=1−exp⁡{−[G(x;ψ)1−G(x;ψ)]α},x>0,α>0(3)


and

f(x;a,ψ)=αg(x;ψ)G(x;ψ)α−1[1−G(x;ψ)]α+1exp⁡{−[G(x;ψ)1−G(x;ψ)]α}.(4)

They studied the main properties of the MKi-G family and applied it to generate a new extension of the exponential distribution which called modified Kies exponential (MKEx) distribution. Based on the data analysis, they proved that this distribution is a good competitive model to some well-known distribution.

The main aim of this paper is to introduce a new flexible extension of the Rayleigh distribution based on the MKi-G family of distribution by putting the CDF of Rayleigh distribution given by Eq. (2) as a baseline in Eq. (3). We referred to the new distribution as modified Kies Rayleigh (MKR) distribution which contains one scale and one shape parameter. We discuss some properties of the MKR distribution including quantile function, moments and order statistics. Our motivation to consider the MKR distribution is based on its flexible and simple PDF which can be considered to model positive skewed data. It is also capable of modeling monotonically increasing and bathtub shaped. Another motivation of this paper is empirical based. We show later, based on analyzing real data that the MKR distribution outperforms some of the well-known two-parameter distributions as Weibull and gamma distributions. Furthermore, we use the maximum likelihood and maximum product of spacing estimation methods to estimate the parameters of the MKR distribution based on progressive Type-II censored (PT-IIC) data. We provide a guideline for selecting the best estimation method which may be of a great interest to reliability engineers and applied statisticians.

The rest of this paper is organized as follows: The MKR distribution is considered in Section 2. The main properties of the new distribution are discussed in Section 3. Section 4 introduces the maximum likelihood and maximum product of spacing estimation based on PT-IIC sample. In Section 5 we perform a simulation study to compare the different estimators. One real data set for failure times of software is analysed in Section 6. Finally, in Section 7 the paper is concluded.

2  The MKR Distribution

By inserting G (x;θ) of the Rayleigh distribution given by Eq. (2) in Eq. (3), one can obtain the CDF of the MKR distribution as follows:

F(x;α,θ)=1−e−(eθx2−1)α,x>0,α,θ>0.(5)


where θ and α are the scale and shape parameters, respectively. Similarity, the PDF of the MKR distribution can be obtained by inserting Eqs. (1) and (2) in Eq. (4) as

f(x;α,θ)=2θαxeθαx2−(eθx2−1)α(1−e−θx2)α−1.(6)

The reliability function (RF) and the hazard rate function (HRF) of the MKR distribution are, respectively, given by

R(x;α,θ)=e−(eθx2−1)α,x>0,α,θ>0(7)


and

h(x;α,θ)=2θαxeθαx2(1−e−θx2)α−1.(8)

Fig. 1 displays the different plots of the PDF of the MKR distribution using θ = 1 in all the cases with different values for the shape parameter α. From Fig. 1 we can observe that the new shape parameter provides more flexibility to the PDF of the MKR distribution than the traditional Rayleigh distribution with only one scale parameter. It is also noted that the new distribution is able to fit a unimodal or bimodal data. Fig. 2 presents the different shapes of the HRF of the MKR distribution. Fig. 2 shows that the MKR distribution is useful in modeling increasing hazard rate or bathtub-shaped hazard rate.
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Figure 1: Various plots of the PDF of the MKR distribution for different values of α with θ = 1

3  Mathematical Properties of the MKR Distribution

In this section, the main mathematical properties of the MKR distribution are derived including quantile function, mixture representation and moments.

3.1 Quantile Function

The quantile function (QF) of the MKR distribution can be obtained by inverting the CDF in Eq. (5) as

f(x;α,θ)=2θαxeθαx2−(eθx2−1)α(1−e−θx2)α−1.(9)

By setting q = 0.5 in Eq. (9), one can obtain the median of the MKR distribution in the form

Q(q)={log⁡[1+(−log⁡(1−q))1/α]θ}1/2,0<q<1.
Median={log⁡[1+(log⁡(2))1/α]θ}1/2.
Using the same approach the first and third quartiles of the MKR distribution can be obtained from Eq. (9) by setting q = 0.25 and 0.75, respectively. Another important use to the QF in Eq. (9) is to generate the random variate of the MKR distribution. We can simulated a random sample of size n from the MKR distribution as follows:

xi={log⁡[1+(−log⁡(1−ui))1/α]θ}1/2,i=1,…,n,(10)


where ui is generated from the Uniform (0, 1) distribution.
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Figure 2: Various plots of the HRF of the MKR distribution for different values of α with θ = 1

3.2 Mixture Representation

The mixture representation of the PDF in Eq. (6) is very useful to derive the main properties of the MKR distribution directly from Rayleigh distribution. Based on Eq. (6) and using the exponential expansion of the term (eθx2−1)α=exp⁡(1−e−θx2e−θx2)α, we can write the PDF of the MKR distribution in the form

f(x;α,θ)=2θαx∑k=0∞(−1)kk!eθαx2(k+1)(1−e−θx2)α(k+1)−1.(11)

By expanding the binomial term in Eq. (11) we can obtain

f(x;α,θ)=2θαx∑k,j=0∞(−1)k+jk!(α(k+1)−1j)e−θx2[j−α(k+1)].(12)

After some simplifications, the mixture representation of the PDF of the MKR distribution can be written as follows:

f(x;α,θ)=∑k,j=0∞ξk,jgθ[j−α(k+1)](x)(13)


where gθ[j−α(k+1)]gθ[j−α(k+1)](x) is the PDF of the Rayleigh distribution with scale parameter [j − α (k + 1)] and

ξk,j=α(−1)k+jk!θ[j−α(k+1)](α(k+1)−1j).
3.3 Moments and Moment Generating Function

Moments are useful to obtain the properties of a distribution including mean, variance, skewness and kurtosis. Let Z be a random variable following the Rayleigh distribution with scale parameter θ. Then the raw moments and the moment generating function of Z are, respectively given by

E(Zr)=Γ(1+r2)θr/2(14)


and

MZ(t)=∑m=0∞tmm!Γ(1+m2)θm/2.(15)

The rth moments of the MKR distribution follows from Eq. (13) as

μr′=E(Xr)=∑k,j=0∞ξk,j∫0∞xrgθ[j−α(k+1)](x)dx
=∑k,j=0∞ξk,jE(Zθ[j−α(k+1)]r),(16)


where follows the Rayleigh distribution with scale parameter θ[j − α (k + 1)]. Then, using the moment of Y given by Eq. (14) and substituting in Eq. (16) we can obtain

μr′=∑k,j=0∞ξk,jΓ(1+r2){θ[j−α(k+1)]}r/2(17)

Eq. (17) can be used to obtain the first four moments of the MKR distribution and in turn to obtain the variance, skewness and kurtosis using a well-known relations. Following the same approach, the moment generating function of the MKR distribution can be obtained from Eqs. (13) and (15) as

MX(t)=∑k,j,m=0∞ξk,jtmΓ(1+m2)m!{θ[j−α(k+1)]}m/2.(18)

Fig. 3 displays the different plots of the mean, variance, skewness and kurtosis of the MKR distribution obtained using Eq. (17) using different values to the shape parameter α with scale parameter one in all the cases. It is noted from Fig. 3 that the mean and variance of the MKR distribution decrease as the shape parameter α increases. As α increases the skewness decrease at first then increases. Also, it is observed that the kurtosis increases as α increase.
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Figure 3: Mean, variance, skewness and kurtosis of the MKR distribution

3.4 Order Statistics

Let X1:n,…,Xn:n be the order statistics of a random sample obtained from a continuous distribution. The PDF and CDF of the jth order statistic of Xj:n are defined, respectively, as

fj:n(x)=Cj:nf(x)∑k=0n−j(−1)k(n−jk)Fj+k−1(x)(19)


and

Fj:n(x)=Cj:n∑k=0n−j(−1)kj+k(n−jk)Fj+k(x),(20)


where Cj:n=n!(j−1)!(n−j)!. Form Eqs. (5) and (19) we can obtain

fj:n(x)=Cj:n2θαxeθαx2−(eθx2−1)α∑k=0n−j(−1)k(n−jk)(1−e−θx2)α−1[1−e−(eθx2−1)α]j+k−1.(21)

Using the binomial expansion in Eq. (21) follows:

fj:n(x)=Cj:n∑k=0n−j∑m=0j+k−1ϖk,m2θαxeθαx2(1−e−θx2)α−1e−(m+1)(eθx2−1)α.(22)


where ϖk,m=(−1)k+m(n−jk)(j+k−1m). Similarly, the CDF of the jth order statistic can be derived from Eqs. (5) and (20) as follows:

Fj:n(x)=Cj:n∑k=0n−j(−1)kj+k(n−jk)[1−e−(eθx2−1)α]j+k.(23)

Expanding the last term in Eq. (24) follows:

Fj:n(x)=Cj:n∑k=0n−j∑m=0j+kζk,me−m(eθx2−1)α,(24)


where ζk,m=(−1)k+mj+k(n−jk)(j+km).

4  Parameter Estimation under PT-IIC Sample

Censoring is a very common phenomenon in life testing and reliability analysis. Censoring implies that exact failure times are known for only a part of the items under study. There are several censoring schemes in the literature, and the most common ones are Type-I and Type-II censoring. In the Type-I censoring the test is terminated at a prefixed time while in the Type-II censoring the test is terminated when exact units fail. Many authors investigated the estimation problems under these schemes [14] obtained the estimates of the Weibull distribution in the presence of Type-I censored data [15] investigated the Bayesian inference and prediction of the inverse Weibull distribution based on Type-II censored data [16] discussed the Bayesian estimation and prediction using Type-II censored data for the Weibull distribution [17] studied the statistical inference and prediction for Burr Type XII distribution under Type II censored data. Due to rapid advancement in technology, experimenters often want to decrease the total testing time and cost. Therefore, a very flexible and general censoring scheme called the PT-IIC scheme was introduced in practice. In PT-IIC scheme, n units are put on a life test with a prefixed progressive censoring scheme R1,…,Rr. When first failure occurs, R1 units are withdrawn from the remaining n−1 surviving units. At the time of the second failure R2 units are removed from the remaining n−2−R1 units. The process continues until the rth failure and at this point Rr=n−r−R1−…−Rr−1 units are removed and the experiment terminates. Over the decade, there have been several studies to parameter estimation based on PT-IIC scheme, see for example [18,19,20,21]. See also for more details [22,23]. In this section, we use the methods of maximum likelihood and maximum product of spacing to estimated the parameters of the MKR distribution based on PT-IIC sample.

4.1 Maximum Likelihood Estimation

Let x1:r,…,xr:r be a PT-IIC sample with progressive censoring scheme R1,…,Rr. The likelihood function based on the PT-IIC sample without the constant term can be written as follows:

L(α,θ)=∏i=1rf(xi:r)[1−F(xi:r)]Ri.(25)

Substituting Eqs. (5) and (6) in Eq. (25) and taking the natural logarithm, the log-likelihood function can be obtained as

log⁡L(α,θ)=rlog⁡(θα)+θα∑i=1rxi2−∑i=1r(1+Ri)(eθxi2−1)α+(α−1)∑i=1rlog⁡(1−e−θxi2),(26)


where xi = xi:r for simplicity. The maximum likelihood estimates (MLEs) of the parameters α and θ can be obtained by solving the two normal equations simultaneously. The two normal equations are obtained from Eq. (26) as follow:

∂log⁡L(α,θ)∂α=rα+α∑i=1rxi2−∑i=1r(1+Ri)(eθxi2−1)αlog⁡(eθxi2−1)+∑i=1rlog⁡(1−e−θxi2)=0,(27)


and

∂log⁡L(α,θ)∂θ=rθ+θ∑i=1rxi2−α∑i=1r(1+Ri)xi2eθxi2(eθxi2−1)α−1+∑i=1rxi2e−θxi21−e−θxi2=0.(28)

It is observed from Eqs. (27) and (28) that there are no closed forms for the MLEs of α and θ, denoted by α^ and θ^. To obtain these estimates we have to use an iterative technique for finding the numerical solutions of Eqs. (27) and (28).

4.2 Maximum Product of Spacings Estimation

Cheng et al. [24] introduced the method of maximum product of spacings as a good alternative to the method of maximum likelihood. The maximum product of spacings estimates (MPSEs) are obtained by selecting the parameter values that maximize the product of the distances between the values of the distribution function at adjacent ordered points. For PT-IIC data [25] wrote the product of spacing function to be maximized in the following form:

P(α,θ)=∏i=1r+1[F(xi:r)−F(xi−1:r)]∏i=1r[1−F(xi:r)]Ri.(29)

From Eqs. (5) and (29), we can write the natural logarithm of the product of spacing function as follows:

log⁡P(α,θ)=∑i=1r+1log⁡[e−(eθxi−12−1)α−e−(eθxi2−1)α]−∑i=1rRi(eθxi2−1)α.(30)

The MPSEs of α and θ, denoted by α~ and θ~ can be obtained by solving the following two normal equations simultaneously:

∂log⁡P(α,θ)∂α=∑i=1r+1ϕi−ϕi−1e−(eθxi−12−1)α−e−(eθxi2−1)α−∑i=1rRi(eθxi2−1)αlog⁡(eθxi2−1)=0,(31)


and

∂log⁡P(α,θ)∂θ=∑i=1r+1ωi−ωi−1e−(eθxi−12−1)α−e−(eθxi2−1)α−α∑i=1rRixi2eθxi2(eθxi2−1)α−1=0,(32)


where ϕi=e−(eθxi2−1)α(eθxi2−1)αlog⁡(eθxi2−1) and ωi=αxi2eθxi2−(eθxi2−1)α(eθxi2−1)α−1. Again, a numerical procedures may be considered to solve Eqs. (31) and (32). It is to be mentioned here that the MLEs and MPSEs using the complete sample can be easily obtained from those based on PT-IIC sample by setting R1=…=Rr=0.

5  Simulation Study

In this section, we present some simulation results to compare the behaviour of the MLEs and MPSEs explained in the previous section. In order to compare the performance of the different estimates we consider to use the mean relative estimates (MREs) and the mean squared errors (MSEs). Based on this approach, the most efficient estimate is expected to has MRE tending to 1 and MSEs approaching to 0 as the effective number of failures r increases. The simulation study involve the following steps:

(1)   Determine the values of n,r,R1,…,Rr and the parameters α and θ.

(2)   Generate the PT-IIC sample using the approach proposed by [26] as follows:

(a)   Simulate Y from uniform (0, 1).

(b)   Set Vi=Yi(i+∑j=r−i+1rRj)−1,i=1,2,…,r.

(c)   Set Ui = 1 − VrVr−1…Vr−i+1 for i=1,2,…,r.

(d)   Set xi={log⁡[1+(−log⁡(1−ui))1/α]θ}1/2,i=1,2,…,r. Thus, xi, i= 1, 2,…, r is the required PT-IIC sample.

(3)   Compute the MLEs and MPSEs of α and θ.

(4)   Repeat Steps 2–3 M times.

(5)   Obtain the average values of MREs and MSEs as follow

MRE=1M∑i=1Mβ^t,iβt,MSE=1M∑i=1M(β^t,i−βt)2,t=1,2,
where β1 = α and β2 = θ.

The simulation results are obtained based on 1000 PT-IIC generated samples from MKR distribution of sizes (n, r) = (20, 5), (30, 5), (30, 10), (60, 10), (60, 15), (60, 20) and (120, 40). We use three sets of the parameters values, (α,θ) = (2, 2), (1.5, 3) and (3, 1.5). Also, the MLEs and MPSEs are obtained by using three progressive censoring schemes (Schs). Sch 1: R1=…=Rr−1=0 and Rr = n − r, Sch 2: R1=…=Rr−1=1 and Rr = n − 2r+1 and Sch 3: R1=…=Rr=(n−r)/r. The simulation results are displayed in Tables 1–3.
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From these Tables we can conclude the following:

1.    The values of MREs approach to one as r increases using the both estimation methods, which implies that the MLEs and MPSEs are consistent.

2.    The values of MSEs tend to zero as r increases using the both estimation methods, which implies that the MLEs and MPSEs are asymptotically unbiased.

3.    The results of Sch 3 perform better than the other two schemes based on minimum MSEs for the two parameters.

4.    The MREs of the MLEs are closer to one than those based on MPSEs.

5.    The MLEs perform better than the MPSEs in terms of minimum MSEs.

Based on the above results and taking into account the attractive properties of MLEs, we can conclude that the maximum likelihood method can be superiorly preferred to estimate the parameters of the MKR distribution.

6  Data Analysis

In this section, we consider one real data set (DS) to see the applicability of the MKR distribution as well as the different estimation methods. The real DS is given by [27]. The original DS consists of sixteen observations and presents the failure times of the release of software given in terms of hours with average life time be 1000 h from the starting of the execution of the software. Table 4 displays the complete DS. We use the MLEs to check the suitability of the MKR distribution to fit this DS. The Kolmogorov-Smirnov (K-S) distance and the corresponding p-value are displayed also in Table 4. Based on K-S and the associated p-value we can conclude that the MKR distribution is an acceptable model to fit the DS. The total time test (TTT) plot is a graphical technique to show whether the data can be applied to a specific distribution or not. According to Aarset [28] the HRF is constant if the TTT plot is graphically presented as a straight diagonal. On the other hand, the HRF is increasing if the TTT plot is concave and it is decreasing if the TTT plot is convex. Fig. 4 displays the TTT plot of the DS which indicates that the empirical hazard function of this data is increasing. Therefore, the MKR distribution is suitable to model the DS.

We use the DS to compare the MKR distribution with some well-known competitive models with two parameters, namely, Weibull (We), MKEx by Al-Babtain et al. [13], exponentiated Rayleigh (ER), which is also called generalized Rayleigh, exponentiated exponential (EEx), gamma (Ga) distributions. In all the mentioned models we consider α and θ to be the shape and scale parameters, respectively. It is to be mentioned here that these models are selected because they have the same number of parameters similar to the MKR model as well as they have the ability to model increasing HRF. The MLEs of the different models with the associated standard errors are obtained and tabulated in Table 5. To compare the fit of the different models, the negative of the log-likelihood function (L) and the K-S and the corresponding p-values are also obtained and presented in Table 5. Moreover, the Akaike information criterion (AIC); AIC = 2p − 2L, consistent Akaike information criterion (CAIC); ACIC = AIC + 2p(p + 1)/(n − p − 1), and Bayesian information criterion (BIC); BIC = plog(n) − L, where p is the number of the unknown parameters, are obtained to compare the fit of the different models. These values are displayed in Table 5. Based on the results in Table 5, it is noted that the MKR model has the smallest-L, AIC, CAIC, BIC and K-S with the largest p-value when comparing with other models. Therefore, we can say that the MKR distribution is the best model to fit this DS. The estimated CDF, RF, PP and HRF plots of the MKR distribution are presented in Fig. 5. The plots in Fig. 5 indicate that the MKR distribution is suitable for modeling the given DS.
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Figure 4: TTT plot of DS

To estimate the parameters of the MKR distribution based on PT-IIC scheme we consider to use the same PT-IIC samples used by [20] and generated from the original DS displayed in Table 4. Dey et al. [20] generated three PT-IIC samples with different schemes as presented in Table 6. Using the generated PT-IIC samples in Table 6, the MLEs and MPSEs are obtained and displayed in Table 7. In addition, the approximated MSEs (AMSEs) are computed by assuming that the MLEs based on the complete DS as the true parameter values. The values of AMSEs are displayed also in Table 7. The results in Table 7 indicate that the MLEs perform better than the MPSEs in terms of AMSEs except the case when estimating the parameter θ using Sch 3. Also, it is observed that the MLEs and MPSEs using Sch 3 have the smallest AMSEs comparing with those based on Schs 1 and 2. The analysis of the real DS indicates the importance of the proposed MKR distribution in the field of life testing and reliability analysis comparing with some other competitive models including Weibull and gamma distributions.
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Figure 5: Estimated CDF, RF, PP and HRF plots of the MKR distribution for data DS
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7  Conclusion

In this paper, we have introduced a new lifetime model called the modified Kies Rayleigh (MKR) distribution. The MKR distribution has one scale and one shape parameter. Its hazard rate function can be monotonically increasing and bathtub shaped. Some mathematical properties of the MKR distribution are derived including quantiles, moments and order statistics. The unknown parameters of the proposed distribution are estimated based on progressively Type-II censoring data. The parameters are estimated by considering the maximum likelihood and maximum product of spacing estimation methods. To compare the performance of these estimators, a simulation study is conducted by considering different parameter values and schemes. The simulation results showed that the maximum likelihood estimates perform better than those based on maximum product of spacing method in terms of mean squared error. As an application, one real data set for failure times of software is considered. The real data analysis showed that the MKR distribution is a good model to fit this data and provides a better fit rather than some other competitive models with two-parameters as Weibull and gamma distributions.
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Table 1: The values of MREs and MSEs (in parentheses) for o
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Table 3: The values of MREs and MSEs (in parentheses) for « = 3 and 6 = 1.5
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Table 6: The generated PT-IIC samples
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Table 7: The MLEs, MPSEs and AMSEs (in parentheses) for the PT-IIC samples
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Table 2: The values of MREs and MSEs (in parentheses) for & = 1.5 and 6
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Table 5: The MLEs, standard errors (in parentheses) and goodness of fit statistics for DS
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