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Abstract: The Metric of a graph plays an essential role in the arrangement of different dimensional structures and finding their basis in various terms. The metric dimension of a graph is the selection of the minimum possible number of vertices so that each vertex of the graph is distinctively defined by its vector of distances to the set of selected vertices. This set of selected vertices is known as the metric basis of a graph. In applied mathematics or computer science, the topic of metric basis is considered as locating number or locating set, and it has applications in robot navigation and finding a beacon set of a computer network. Due to the vast applications of this concept in computer science, optimization problems, and also in chemistry enormous research has been conducted. To extend this research to a four-dimensional structure, we studied the metric basis of the Klein bottle and proved that the Klein bottle has a constant metric dimension for the variation of all its parameters. Although the metric basis is variying in 3 and 4 values when the values of its parameter change, it remains constant and unchanged concerning its order or number of vertices. The methodology of determining the metric basis or locating set is based on the distances of a graph. Therefore, we proved the main theorems in distance forms.
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1  Introduction

Due to its inherent simplicity, graph theory has a wide range of applications in different fields of sciences, such as engineering, physical, social, and biological sciences, and in diverse other areas. A graph can be used to represent relatively any physical situation involving discrete objects and the relationships among them, despite the restrictions of the dimension. The three and four-dimensional mathematical topologies were discussed with graph theoretical concepts [1–5] and showed the two-dimensional shapes [6] with the physical and chemical properties [1,2], and different transformations [4].

After the idea of the Möbius strip was developed in 1858, German mathematician Felix Klein described Klein’s bottle in 1882. It is a non-orientable surface with four dimensions and without any boundary. The Möbius strip can be embedded in the three-dimensional Euclidean space R3, but the Klein bottle cannot be embeddable. It is a four-dimensional object and is only embedded in R4. Fig. 2 shows the two-dimensional view of the Klein bottle and Fig. 1 the three-dimensional view of Klein bottle. For different shapes and views of this interesting topology, we refer to [3].
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Figure 1: Klein bottle
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Figure 2: Immersed Klein bottles in the Science Museum in London

Let (V,G) be a simple connected graph and B be a ordered subset of V, if each point v∈V is uniquely determined by the distances d(v,b) for some b∈B, then B is called a metric basis of (V,G). The minimum cardinality among all metric basis of V described as the metric dimension of (V,G), denoted by dim(G) [7]. Slater [8] introduced the concept of locating set (metric dimension), later Harary et al. [9] described this idea as a resolving set for a graph. Consequently, it is found in many other disciplines, most cited of them are, robot navigation, in the form of solutions of mastermind games, pattern recognition and drug discovery in pharmacological field [10–13].

Recently, the metric dimension of different spaces, including n-dimensional Euclidean space, hyperbolic space, spherical space, and Riemann surfaces, has been computed in [7]. Further continuation of this work has some generalizations in [14,15] and computed the metric dimension of manifolds, orbit spaces, and-dimensional geometric spaces. Moreover, the n-dimensional structures are discussed in [6] and [16] and computed the metric dimension of different types of Möbius strips. Metric dimension and other resolving parameters are discussed in [17]. Metric dimensions of some cycle-related and convex polytope-related graphs are discussed in [18]. Resolving sets for computer-related graphs are found in [19]. Metric dimensions for the wheel and its extended version of the graph are found in [20]. For interesting recent studies, see [21,22]. The complexity of metric dimension and finding metric basis or resolving set are found in [23,24].

Different graph-theoretical work has been done on the algebraic topological structure Klein bottle and discussed within the frame of combinatorial topology. The finding of topological symmetries between the torus and Klein bottles is studied in [25]; the algebraic topology of the Klein bottle is discussed in [1]; the Klein bottle in terms of labeling is studied in [2] for physical properties; chemical properties in terms of topological indices have been studied in [4]; embeddings of numerous networks in the Klein bottle have been studied in [26]. Motivated by all this combinatorial work on the Klein bottle, we found a metric basis and proved that this topological structure has a constant metric basis.

A few preliminaries and results are discussed in Section 2, the construction of the Klein bottle in graph theory perspective is discussed in Section 3, the metric basis and metric dimension are computed in Section 4, and the conclusion is drawn in the last section.

2  Preliminaries and Results

Following are few useful notations, definitions and literature which are necessary for our main results.

Definition 2.1: A simple connected graph G=(V,E) with vertex and edge set V and E, respectively, two vertices a1,a2∈V, the distance d(a1,a2) between vertices a1 and a2 is the count of edges between them.

Definition 2.2: A vertex a∈V is said to distinguish two vertices a1 and a2, if d(a,a1)≠d(a,a2). A set B⊂V is called a metric basis of G, if any pair of distinct vertices of G is distinguished by some element of B, and its cardinality is the metric dimension of G, denoted by dim(G).

Definition 2.3: The minimum number of edges χ between two vertices a1,a2 of a cycle (sub) graph is called as χ-size gap between a1,a2.

Now the following are a few findings from the literature and are necessary for the conclusion of our main results.

Theorem 2.4: [27] Let G be a simple connected graph with dim(G)=2 and let {a1,a2}⊂V(G) be a metric basis of G, then the degree of both a1,a2 is at most 3 and there exists a unique shortest path between a1,a2.

For further recent metric-based parameter and the extension of this work can be found in [28,29], in which the authors discussed chemical properties and an interconnection network.

3  Klein Bottle

Fig. 2 shows the graphical view of the Klein bottle, it is constructed by square grid of g×h-points, by identifying the right and left most vertices of the grid, after that, twisting this newly tube with 180∘ and identifying the upper and lowermost vertices of the tube and at the end merge the four corner vertices is shown in Fig. 2.

This can also be defined as a non-orientable surfaces, with a cross-cap number of 2 and an edge number of 0. It can be easily constructed from Möbius bands (for simplicity, only half-twisted Möbius joints will be considered herewith), connecting the remaining open edges in a “parallel” manner, i.e., performing the same operation involved in transforming a rectangle into a cylinder until the structure is completely glued to a one-sided surface. The construction of the typical physical model of a Klein bottle is comparable. A variety of variations on this topological topic can be seen in a collection of hand-blown glass Klein bottles on exhibition at the Science Museum in London. The bottles were created by Alan Bennett for the museum in 1995, construction shown in Fig. 2 given by [30].

Fig. 3 shows the grid view of the Klein bottle with order gh and it is a 4-regular graph. M-vertices denotes the mirror-vertices (M={xbg+1:1≤b≤h−1}),T-vertices denotes the twist-vertices (T={xa:2≤a≤g}),Gr-vertices denotes the grid-vertices (Gr={xbg+a+1:1≤b≤h−1,1≤a≤g−1}) and x1 is the identical vertex for simplicity we assume it in T-vertices.
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Figure 3: The grid view of KB(g,h) graph

4  Results

In this section, we determine the metric basis of the Klein bottle, KB(g,h), and proved that Kleiin bottle has constant metric dimension.

Theorem 4.1: For g odd h even, and h odd, the metric dimension of KB(g,h) is 3, where g,h≥3.

Proof. To prove dim(KB(g,h))≤3 we split the proof into the following two cases:

Case 1: h is odd

Assume the basis set B={x1,x2,xg(h−1)+22}, following are the vector representations:

r(xa|B)=(d(xa,x1),d(xa,x2),d(xa,xg(h−1)+22)),a=1,2,…,gh.(1)

Now, splitting the vector shown in Eq. (1) in components, the first component is Eqs. (2) to (4), the second component is from Eqs. (5) to (8) and the last component is from Eqs. (9) to (11).

d(xa,x1)={a−1if a=1,2,…,⌊g+22⌋g−a+1if a=⌊g+42⌋,…,g.(2)

d(xgb+1,x1)={bif b=1,2,…,⌊h2;⌋h−bif b=⌊h+22⌋,…,h−1.(3)

d(xgb+a+1,x1)={a+bif a=1,2,…,⌊g2⌋, b=1,2,…,⌊h2⌋;g−a+bif a=⌊g+22⌋,…,g−1, b=1,2,…,⌊h2⌋;g+a−bif a=1,2,…,⌊g2⌋, b=⌊h+22⌋,…,h−1;g+h−b−aif a=⌊g+22⌋,…,g−1, b=⌊h+22⌋,…,h−1.(4)

d(xa,x2)={|a−2|if a=1,2,…,⌊g+42⌋;g−a+2if a=⌊g+62⌋,…,g.(5)

d(xgb+1,x2)={b+1if b=1,2,…,⌊h−12⌋;h−b+1if b=⌊h+12⌋,…,h−1.(6)

When g>h

d(xgb+a+1,x1)={a+bif a=1,2,…,⌊g2⌋, b=1,2,…,⌊h2⌋;g−a+bif a=⌊g+22⌋,…,g−1, b=1,2,…,⌊h2⌋;h−b+aif a=1,2,…,⌊g2⌋, b=⌊h+22⌋,…,h−1;g+h−a−bif a=⌊g+22⌋,…,g−1, b=⌊h+22⌋,…,h−1.(7)

When g≤h

d(xgb+a+1,x1)={a+b−1if a=1,2,…,g−1, b=1,2,…,⌈h−22⌉;h2+a−1if a=1,2,…,⌊g2⌋,b=h2  andh=even;h2+g−a−1if a=⌊g+22⌋,…,g−1, b=⌊h2⌋andh=even;g+h−a−b−1if a=1,2,…,g−1, b=⌈h2⌉,…,h−1.(8)

d(xa,xg(h−1)+22)={h−12+a−1if a=1,2,…,⌊g+22⌋;h+12+g−aif a=⌊g+42⌋,…,g.(9)

d(xgb+1,xg(h−1)+22)=|gb+1−g(h−1)+22g|,if b=1,2,…,h−1.(10)

For b=1,2,…,h−1;

d(xgb+a+1,xg(h−1)+22)={|gb+1−g(h−1)+22g|−a+gif a=1,2,…,⌊g2⌋;|gb+1−g(h−1)+22g|+aif a=⌊g+22⌋,…,g−1.(11)

Case 2: g≥3,h≥2,h is even and g is odd

If we assume the basis set B={x1,xg+12,x3g+12}, the following are the vector representations:

r(xa|B)=(d(xa,x1),d(xa,xg+12),d(xa,x3g+12)),a=1,2,…,gh(12)

Now again splitting the vector shown in Eq. (12) in components, the first component is Eqs. (2)–(4), the second component is from Eqs. (13)–(15) and the last component is from Eqs. (16)–(18).

d(xa,xg+12)=|a−g+12|,if a=1,2,…,g.(13)

d(xgb+1,xg+12)={g−12+bif b=1,2,…,h2;g+2h−2b−12if b=h+22,…,h−1.(14)

d(xgb+a+1,xg+12)={|2a−g+12|+bif a=1,2,…,g−1, b=1,2,…,h−22;2a+h−22if a=1,2,…,g−12,b=h2;h−2a+2g+22if a=g+12,…,g−1, b=h2;|2a−g−12|−b+hif a=1,2,…,g−1, b=h+22,…,h−1.(15)

d(xa,x3g+12)={|a−g+12|+1if a=1,2,…,g+12,h=2;|a−g+32|+1if a=g+32,…,g,h=2;|a−g+12|+1if a=1,2,…,g,h≥4.(16)

d(xgb+1,x3g+12)={g−32+bif b=1,2,…,h2;g+12+h−bif b=h+22,…,h−1.(17)

d(xgb+a+1,x3g+12)={|a−g−12|+b−1if a=1,2,…,g−1, b=1,2,…,h2;|a−g+12|+h−bif a=1,2,…,g−1, b=h+22,…,h−1.(18)

As the vector representations of all vertices of KB(g,h) given in Eq. (1) are distinct, hence dim(KB(g,h))≤3.

To prove the reverse inequality that dim(KB(g,h))≥3. On contrary, it becomes dim(KB(g,h))=2, that is not possible because in Theorem 2.4 the vertices candidate for metric basis must have maximum degree three and the Klein bottle is four regular graphs, which implies that dim(KB(g,h))≥3 and concluded that dim(KB(g,h))=3.

Theorem 4.2: For g≥4,h=2 and h≥6, and g≥8,h=4 where g,h are even, the metric dimension of KB(g,h) is 4.

Proof. To prove dim(KB(g,h))≤4 we split the proof into following three cases:

Case 1: g≥4,h=2,g is even.

If we assume the basis set B={x1,x2,xg+22,xg+2}, following are the vector representations:

r(xa|B)=(d(xa,x1),d(xa,x2),d(xa,xg+22),d(xa,xg+2)),a=1,2,…,gh.(19)

Now, splitting the vector shown in Eq. (19) in components, the first component is Eqs. (2)–(4), the second component is from Eqs. (5)–(8), the third component is from Eqs. (20)–(22) and the last component is from Eqs. (23)–(25).

d(xa,xg+22)=|a−g+22|,if a=1,2,…,g.(20)

d(xgb+1,xg+22)={b+g2if b=1,2,…,h2;g2+h−bif a=h+22,…,h−1.(21)

d(xgb+a+1,xg+22)={|a−g2|+bif a=1,2,…,g−1, b=1,2,…,h2;|a−g2|−b+hif a=1,2,…,g−1, b=h+22,…,h−1.(22)

d(xa,xg+2)={2if a=1;a−1if a=2,3,…,g+22;h−2+aif a=g+42,…,g.(23)

d(xgb+1,xg+2)=b,if b=1,2,…,h−1.(24)

d(xgb+a+1,xg+2)={a+b−2if a=1,2,…,g+22, b=1,2;g−a+bif a=g+42,…,g−1,b=1,2;a+b−2if a=1,2,…,g2, b=3;g−a+1if a=g+22,…,g−1, b=3.(25)

Case 2: g≥4,h≥6,g,h are even

If we assume the basis set B={x1,xg+22,x3g+42,x5g2}, the following are the vector representations:

r(xa|B)=(d(xa,x1),d(xa,xg+22),d(xa,x3g+42),d(xa,x5g2)),a=1,2,…,gh.(26)

Now again splitting the vector shown in Eq. (26) in components, the first component is Eqs. (2)–(4), the second component is from Eqs. (20)–(22), the third component is from Eqs. (27)–(29) and the last component from Eqs. (30)–(32).

d(xa,x3g+42)={g2if a=1;|g+42−a|+1if a=2,3,…,g.(27)

d(xgb+1,x3g+42)={g−42+bif b=1,2,…,h+22;g2+h−bif b=h+42,…,h−1.(28)

d(xgb+a+1,x3g+42)={|a−g+22|+b−1if a=1,2,…,g−1, b=1,2,…,h2;|a−g−22|+h2if a=1,2,…,g2, b=h+22;|a−g+22|+h2if a=g+22,…,g−1, b=h+22;|a−g−22|+h−b+1if a=1,2,…,g−1, b=h+42,…,h−1.(29)

d(xa,x5g2)=|g2−a|+2,if a=1,2,3,…,g.(30)

d(xgb+1,x5g2)={|g−2b−22|+2if b=1,2,…,h+42;g+22+h−bif b=h+62,…,h−1.(31)

d(xgb+a+1,x5g2)={|b−2|+|a−g−22|if a=1,2,…,g−1, b=1,2,…,h+22;|a−g+22|+h−b+2if a=1,2,…,g−1, b=h+42,…,h−1.(32)

Case 3: g≥8,h=4,g is even

If we assume the basis set B={x2,xg,xg+2,x2g}, following are the vector representations with respect to B:

r(xa|B)=(d(xa,x2),d(xa,xg),d(xa,xg+2),d(xa,x2g)),a=1,2,…,gh(33)

Once again splitting the vector shown in Eq. (33) in components, the first component is Eqs. (5)–(8), the second component is from Eqs. (34)–(36), the third component is from Eqs. (23)–(25) and the last component is from Eqs. (37)–(39).

d(xa,xg)={aif a=1,2,…,g2;g−aif a=g+22,…,g.(34)

d(xgb+1,xg)={2if b=1,3;3if b=2.(35)

d(xgb+a+1,xg)={3−b+aif a=1,2,…,g−42+b, b=1,2,3;b+g−a−1if a=g−22+b,…,g−1, b=1,2,3.(36)

d(xa,x2g)={a+1if a=1,2,…,g2;g−a+1if a=g+22,…,g.(37)

d(xgb+1,x2g)=b,if b=1,2,3.(38)

d(xgb+a+1,x2g)={b+aif a=1,2,…,g−22, b=1,2;a+1if a=1,2,…,g−22+b, b=3;b+g−a−2if a=g2,…,g−1, b=1,2,3.(39)

As the vector representations of all vertices of KB(g,h) given in Eqs. (19), (26) and (33) are distinct, hence dim(KB(g,h))≤4.

To prove the reverse inequality that dim(KB(g,h))≥4. On contrary, it becomes dim(KB(g,h))=3, following are cases in the support of this claim.

Case 1: Due to the construction of the Klein bottle the twisted vertices are shown in Fig. 2. If the set T={xa:1≤a≤g} is chosen as basis set B′⊂T, with cardinality three and indices can be i′,i″,i‴, then it is resulting in the same distance with respect to the B′, vertices adjacent to x2-vertex and these are xg+2 and xgh, this case leads us to decision that B′⊂T. The possibilities of vertices in B′ can be with any gap-size and those gap-size possibilities are in the form of indices i′,i″,i′,i‴, and i″,i‴ can be apart from 0 to g−2 distinct numbers, such as i′=1,i″=2,i‴=8=g, similarly, i′=1,i″=7,i‴=8=g, and same as with all possibilities of i′,i″,i‴ in their respective domain, it will be end up on at least two vertices with the same distance.

Case 2: As shown in Fig. 2 the mirror vertices M={xgb+1:1≤b≤h−1} have symmetry with the twisted vertices T, so the symmetry resulted in the same distance, and when we choose mirror vertices in the basis set for example, let B′⊂M with cardinality three and having possible gap via indices, it implies d(x2|B′)=d(xg|B′). So, this case also leads to contradiction and it is not providing single possible vertex set with cardinality three as a candidate for the basis set of the Klein bottle.

Case 3: In the basis set, vertices belong to the grid i.e., Gr={xgb+a+1:1≤a≤g−1,1≤b≤h−1}. If Bb′⊂Gr with three cardinality with corresponding to Bb′, then the same distance in two vertices d(xα|Bb′)=d(xβ|Bb′), where α and β are both adjacent to at least one of the element of Bb′. Here b-index on Bb′ denotes that Bb′ contains vertices on each level or layer of grid. Analogously, if without the restriction on b-index and Bb′⊂Gr with |Bb′|=3, then the same distance of two vertices d(xT|B′)=d(xg|B′). This also implies a contradiction.

Case 4: In this case, we consider that if basis set with one vertex belongs to the mirror vertices and two vertices from twisted vertex set. If B′={xi′,xi″,xi‴:1≤i′,i″≤g,i‴∈gb+1,1≤b≤h−1}, then the same distance will be in vertices d(xT|B′)=d(xg|B′).

Case 5: Now, the basis set B′={xi′,xi″,xi‴:i′,i″∈gb+a+1,i‴∈gb+1,1≤a≤g−1,1≤b≤h−1}, then the two vertices gave same distances are d(xα|B′)=d(xβ|B′), where α=1,2 and β=g+2,g+3,…,2g,gh.

Case 6: Now, for the basis set B′={xa,xgb+1,xgb+a+1:1≤a≤g−1,1≤b≤h−1}⊂V(KB(g,h)), with cardinality three, there must exist two vertices with the same distances towards B′ and leads to contradiction and this time d(xα|B′)=d(xα′|B′), where α=g+2,g+3,…,2g or its symmetrical vertices that are α′=g(h−1)+1,…,gh−1,gh.

All the cases resulted in contradiction and indicate that B′ with three cardinality is not possible which implied that dim(KB(g,h))≠3 and this further concluded that for g≥4,h=2,h≥6 and g≥8,h=4 with g,h are even, dim(KB(g,h))=4.

Theorem 4.3: For g=4,6 and h=4, the metric dimension of KB(g,h) is 5.

Proof. To prove dim(KB(g,h))≤5, assume the basis set B and following are the vector representations with respect to B={x1,x2,xg+22,xg+1,xg+2}:

r(xa|B)=(d(xa,x1),d(xa,x2),d(xa,xg+22),d(xa,xg+1),d(xa,xg+2)),a=1,2,…,gh.(40)

Now, splitting the vector shown in Eq. (40) in components, the first component is Eqs. (2)–(4), the second component is from Eqs. (5)–(8), the third component is from Eqs. (20)–(22), the fourth component is from Eqs. (41)–(43), and the last component is from Eqs. (44)–(46).

d(xa,xg+1)={aif a=1,2,…,g+22;2+g−aif a=g+42,…,g.(41)

d(xgb+1,xg+1)=b−1,if b=1,2,3.(42)

d(xgb+a+1,xg+1)={b+a−1if a=1,2,…,g2, b=1,2,3;b+g−a−1if a=g+22+b,…,g−1, b=1,2,3.(43)

d(xa,xg+2)={2if a=1;a−1if a=2,3,…,g+42;2+g−aif a=g+62,…,g.(44)

d(xgb+1,xg+2)=b,if b=1,2,…,h−1.(45)

d(xgb+a+1,xg+2)={b+a−2if a=1,2,…,g+22, b=1,2,…,h−1;b+1if a=g+42+b,…,g−1, b=1,2,…,h−1.(46)

As the given vector representations of all vertices of KB(g,h) in Eq. (40) are distinct, hence dim(KB(g,h))≤5.

To prove the reverse inequality that dim(KB(g,h))≥5. On contrary, it becomes dim(KB(g,h))=4, following discussion in the support of this claim.

Case 1: For the specific values of g=4,6 and h=4. We will have only two possibilities from them. Firstly, we choose B′⊂T with four cardinality, then due to the symmetry position of vertices, two symmetrical vertices have the same distance d(xg+1|B′)=d(xg(h−1)+1|B′), and when B′⊂M, then d(x2|B′)=d(xg|B′). If B′⊂Gr with four cardinality, then the same distance either d(x1|B′)=d(xgh|B′) or d(xg|B′)=d(xg+1|B′). Now, analogously B′={xa,xgb+1,xgb+a+1:1≤a≤g−1,1≤b≤h−1}⊂V(KB(g,h)), with |B′|=4, from the possibilities of ghC4 two vertices exist which have the same distance corresponding to the chosen basis set and this leads to the contradiction and resulted in dim(KB(g,h))≠4, furthermore, when g=4,6,h=4, it implies that dim(KB(g,h))=5.

5  Conclusion

To extend the research from a 3-dimensional structure to a four-dimensional structure, we studied the metric basis of the Klein bottle and proved that the Klein bottle has a constant metric dimension for the variation of all its parameters. Although the metric basis is in variation in 3 and 4 values when changing the values of its parameter g, and h, it remains constant and unchanged with respect to its order or number of vertices. The methodology of determining the metric basis or locating set is totally based on the distances of a graph. Therefore, we proved the main theorems in the distance forms. Varying the square g-vertically and h-horizontally in the Klein bottle does not affect its metric basis. Moreover, the final view of metric basis and metric dimension with different possibilities and combinations of g,h in the following Table 1.
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