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Abstract: Accelerated life testing has been widely used in product life testing experiments because it can quickly provide information on the lifetime distributions by testing products or materials at higher than basic conditional levels of stress, such as pressure, temperature, vibration, voltage, or load to induce early failures. In this paper, a step stress partially accelerated life test (SS-PALT) is regarded under the progressive type-II censored data with random removals. The removals from the test are considered to have the binomial distribution. The life times of the testing items are assumed to follow length-biased weighted Lomax distribution. The maximum likelihood method is used for estimating the model parameters of length-biased weighted Lomax. The asymptotic confidence interval estimates of the model parameters are evaluated using the Fisher information matrix. The Bayesian estimators cannot be obtained in the explicit form, so the Markov chain Monte Carlo method is employed to address this problem, which ensures both obtaining the Bayesian estimates as well as constructing the credible interval of the involved parameters. The precision of the Bayesian estimates and the maximum likelihood estimates are compared by simulations. In addition, to compare the performance of the considered confidence intervals for different parameter values and sample sizes. The Bootstrap confidence intervals give more accurate results than the approximate confidence intervals since the lengths of the former are less than the lengths of latter, for different sample sizes, observed failures, and censoring schemes, in most cases. Also, the percentile Bootstrap confidence intervals give more accurate results than Bootstrap-t since the lengths of the former are less than the lengths of latter for different sample sizes, observed failures, and censoring schemes, in most cases. Further performance comparison is conducted by the experiments with real data.
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1  Introduction

Technology developments have been continuously improving product manufacturing. Therefore, it is difficult to obtain failure data for high-reliability items under normal operating conditions. This makes the lifetime testing under normal conditions costly and time-consuming. Consequently, under environmental conditions (stresses) that are normal conditions, the accelerated life tests (ALTs) or partially accelerated life tests (PALTs) have been often used. In the ALT, all test items are subjected to higher than usual stress levels, while, in the PALT, items are tested at both accelerated and normal conditions. In [1], the stress was applied in various ways. The constant-stress PALTs and step stress PALTs (SS-PALTs) are frequently used PALTs. In the SS-PALT, a test item is first run under normal conditions, and if it does not fail for a specified stress change time, then it is run under accelerated conditions until the end of the test.

In many cases, when the life data are analyzed, all units in the sample may not fail. This type of data is called censored or incomplete data. The most common censoring schemes are the type-I censored scheme (or time censored scheme) and type-II censored scheme (or failure-censored scheme). These two censoring schemes do not allow for units to be removed from the experiments while they are still alive. In [2], a more general censoring scheme was proposed, which is known as progressive censoring; this scheme allows units to be removed from the test. Progressive censoring is useful in a life-testing experiment because its ability to remove live units from the experiment saves both time and money. The PALTs have been widely studied for step–stress schemes of type-I, type-II, and progressive type-II censoring (PTIIC) schemes [3–12].

In this paper, a PTIIC with random removal is proposed to provide more economical and less time-consuming testing. The PTIIC scheme is designed as follows. Suppose n units are placed on a life test, and an experimenter decides beforehand m, which represents the number of units to be failed. Then, at the time of the first failure, which is denoted as t(1), r1 of the remaining (n −1) surviving units are randomly removed from the experiment. The test continues until the mth failure occurs, and at that moment, all the remaining surviving units rm=n-m-r1-r2…-rm-1 are removed from the experiment. Many authors have studied the PTIIC application using different lifetime distributions [13–15].

On another statistical level, the Lomax distribution is an important heavy-tail probability distribution for lifetime analysis, and it has been often used in many different fields, including business, economics, and actuarial modeling [16–21]. The cumulative distribution function (CDF) and the probability density function (PDF) of the Lomax distribution with the shape parameter θ and scale parameter λ are, respectively, given by:

G(x;λ,θ)=1-(1+xλ)-θ,x,λ,θ>0.
(1)

g(x;λ,θ)=θλ(1+xλ)-(θ+1),x,λ,θ>0.
(2)

The weighted distributions arise in the context of unequal probability sampling. The weighted distributions have prominent importance in reliability, biomedicine, ecology, and other fields. The unified concept of the length-biased distribution can be used in the development of proper models for lifetime data. The length-biased distribution represents a special case of the more general form known as weighted distribution. In [22], a length-biased weighted Lomax (LBWL) distribution was introduced, and its CDF and PDF are, respectively, given by:

F(x;λ,θ)=1-(1+xλ)-θ(1+xθλ),x,λ>0,θ>1.
(3)

f(x;λ,θ)=θ(θ-1)λ2(1+xλ)-θ(1+xθλ),x,λ>0,θ>1.
(4)

Statistical properties and applications of the LBWL distribution to real data have been presented in [22]. In [23], the estimation of stress strength reliability of the LBWL distribution in the presence of outliers was studied and discussed.

In view of the importance of the weighted distributions and SS-PALT in reliability studies, this paper applies the SS-PALT to items whose lifetimes under design conditions are assumed to follow the LBWL distribution under a PTIIC scheme with random removals. The removals from the test are considered to obey the binomial distribution. The maximum likelihood (ML) and approximate confidence intervals (CIs) of the estimators are presented. The Bayesian estimators, percentile bootstrap CIs, and bootstrap-t CIs are obtained. The Monte Carlo simulations, as well as experiments with real data, are performed to verify the theoretical analysis results.

The rest of the paper is organized as follows. Test procedure and the assumptions of the SS-PALT model are presented in Section 2. In Section 3, the ML and approximate CI estimators of the model parameters are provided. The Bayesian estimators of the model parameters are introduced in Section 4. The bootstrap CI estimates for ML and Bayesian estimation are given in Section 5. In Section 6, the simulation results are presented to illustrate accuracy of the estimates. The experiment with real data is introduced in Section 7. Finally, concluding remarks are given in Section 8.

2  Model Description and Test Procedure

The following assumptions are adopted in this work:

➣   Assume n identical and independent units obey the LBWL distribution in the test.

➣   Progressive sample x(1)≤x(2)≤…≤x(n) are generated, where m is prefixed and m≤n.

➣   Each of n units is first run under normal operating conditions. If it does not fail or is removed from the test by a pre-specified time τ, it is placed under accelerated conditions (stress).

➣   At the ith failure, a random number of the surviving units ri, where i=1,2,…,m-1., are randomly removed from the test. Finally, at the mth failure, the remaining surviving units Rm=n-m-∑i=1m-1Ri are all removed from the test, and the test is terminated.

➣   Suppose that an individual unit removed from the test is independent of the other units but has the same removal probability p. Then, the number of removed units at each failure time follows a binomial distribution, which is expressed as:

Ri={R1=binomial(n-m,p)Ri=binomial(n-m-∑j=1i-1Rj);i=2,…,m-1Rm=n-m-∑i=1m-1Ri..(5)

The lifetime of a unit under the SS-PALT denoted as X can be expressed as:

X={TT≤τT+T-τβT>τ,(6)

where T denotes the lifetime of an item under normal conditions, and β represents the acceleration factor. Thus, from the assumptions of the SS-PALT model, the PDF (3) of a total lifetime of the test item can be expressed as:

f(x)={f1(x)=θ(θ-1)λ2x(1+xλ)-(θ+1),0<x≤τf2(x)=θβ(θ-1)λ2(τ+β(x-τ))(1+τ+β(x-τ)λ)-(θ+1),x>τ,(7)

where f2(x) is obtained by using the transformation-variable technique. The number of units removed at each failure time follows a binomial distribution R1~ binomial(n − m, p). For i=1,2,…, (m −1), the probability mass function is expressed as:

P(Ri=ri|Ri-1=ri-1,…,R1=r1)=(n-m-∑j=1i-1rjri)pri(1-p)n-m-∑j=1irj,(8)


andRm=n-m-∑j=1m-1Rj.i.e.,Ri~binomial(n-m-∑j=1i-1rj,p).

3  Maximum Likelihood Estimation

This section introduces the ML estimators of the population parameters and acceleration factor based on the PTIIC data with binomial removal. Moreover, approximate CIs (ACIs) of the population parameters and acceleration factor are also presented.

Let (xi,ri,δ1i,δ2i), i=1,2,…,m, denote the observation obtained from a PTIIC sample under a SS-PALT. For simplicity, in the following text, when referring to x(1)≤x(2)≤…≤x(m),xi will be used instead of x(i). The conditional likelihood function of observations x={(xi,ri,δ1i,δ2i),i=1,2,…,m} for a x={(xi,ri,u1i,u2i),i=1,2,…,m} pre-determined number of removals R=R1=r1,R2=r2,…,Rm-1=rm-1, can be expressed as:

L1(xi,β,λ,θ,δ1i,δ2i|R=r)=∏i=1m{f1(xi)(S1(xi))ri}δ1i{f2(xi)(S2(xi))ri}δ2i,S1(x)=(1+xλ)-θ(1+xθλ),S2(x)=(1+τ+β(x-τ)λ)-θ(1+(τ+β(x-τ))θλ).(9)

Suppose that R is independent of X for all i; then, the likelihood function can be expressed as follows:

L(xi,β,λ,θ,p)=L1(xi,β,λ,θ,δ1i,δ2i|R=r)P(R=r),(10)

where

L1(xi,β,λ,θ,δ1i,δ2i|R=r)=θm(θ-1)mβmaλ-2m×∏i=1mu(xiDi-θ(1+ri)-1kiri)∏i=1ma[(τ+β(xi-τ))Wi-θ(1+ri)-1hiri],(11)


Di=(1+xiλ),ki=(1+xiθλ),Wi=(1+τ+β(xi-τ)λ),hi=(1+(τ+β(xi-τ))θλ),

P(R=r)=P(R1=r1,R2=r2,…,Rm-1=rm-1)=P(Rm-1=rm-1|Rm-2=rm-2,…,R1=r1)×P(Rm-2=rm-2|Rm-3=rm-3,…,R1=r1)×…P(R2=r2|R1=r1)P(R1=r1).(12)

That is,

P(R=r)=(n-m)!(n-m-∑i=1m-1ri)!∏i=1m-1rip∑i=1m-1ri(1-p)(m-1)(n-m)-∑i=1m-1(m-i)ri.(13)

Based on (11), the natural logarithm of the conditional likelihood function, denoted as lnL1, is given by:

lnL1=mlnθ(1-θ)-2mlnλ+ma lnβ+∑i=1mu lnxi-∑i=1mu ln(Di)-θ∑i=1mu(1+ri) ln(Di)+∑i=1muri ln(ki)+∑i=1ma ln(τ+β(xi-τ))-θ∑i=1ma(1+ri) ln(Wi)-∑i=1ma ln(Wi)+∑i=1mari ln(hi),(14)

where mu and ma are the numbers of unites under normal and accelerated conditions, respectively, and m=∑i=1muδ1i+∑i=1maδ2i.

Since P(R=r) does not involve parameters θ, λ and β their ML estimators, denoted as θ^,λ^ and β^ can be directly obtained by maximizing lnL1. Thus, the ML estimators of the population parameters can be derived by solving the following non-linear equations:

∂lnL1∂θ=m(1-2θ)θ(1-θ)-∑i=1mu(1+ri) ln(Di)+∑i=1murixiλ-∑i=1ma(1+ri) ln(Wi)+∑i=1maβri(xi-τ)hiλ,
(15)

∂lnL1∂λ=-2mλ+∑i=1mu[θ(1+ri)+1]xiλ2Di-∑i=1muriθxiλ2ki-∑i=1mariθ(τ+β(xi-τ))hiλ2+∑i=1ma[θ(1+ri)+1](τ+β(xi-τ))λ2Wi,
(16)

∂lnL1∂β=maβ+∑i=1ma(xi-τ)(τ+β(xi-τ))-∑i=1ma[θ(1+ri)+1](xi-τ)λWi+∑i=1mariθ(xi-τ)λhi.
(17)

Eqs. (15)–(17) have no closed-form solutions, so an iterative technique has to be employed to obtain the ML estimators of the parameters.

Similarly, since L1(xi,β,λ,θ|R=r) does not involve the binomial parameter p, the ML estimator of p can be directly obtained by maximizing (13). Thus, the ML estimator of p can be obtained by solving the following equation:

p^=(∑i=1m-1ri)/[(m-1)(n-m)-∑i=1m-1(m-i)ri].(18)

Furthermore, the ACIs of the parameters using the PTIIC data based on the asymptotic properties of the ML estimators can be obtained. The ACIs can be approximated by numerically inverting Fisher’s information matrix. Accordingly, the approximate 100(1-α)% and the two-sided ACIs for θ, λ, and β can be, respectively, obtained as:

θ^±zα/2σθ^,λ^±zα/2σλ^,β^±zα/2σβ^,(19)

where zα/2 is the [100(1-α)/2]th standard normal quantile, and σ is the standard deviation of the ML estimators.

4  Bayesian Estimation

In this section, the Bayesian estimation of the population parameters and the acceleration factor of the LBWL distribution based on the PTIIC data with binomial removal are presented. The Bayesian estimation is considered under the squared error loss function (SELF).

Assume that the prior of θ,λ, and β has an independent gamma distribution. Then, the joint prior density of θ,λ, and β can be expressed as:

π(θ,λ,β)∝θa1-1e-b1θλa2-1e-b2λβa3-1e-b3β;a1,b1,a2,b2,a3,b3>0.(20)

To elicit the hyper-parameters of the informative priors, the same procedure as that presented in [24] is conducted. Hence, these hyper-parameters of the informative priors are obtained from the ML estimates of (θ,λ,β) by equating their values with the mean and variance using the inverse Fisher information matrix of (θ^,λ^,β^).

V(θ,λ,β)=|-[∂2l(θ,λ,β)∂θ2∂2l(θ,λ,β)∂θ∂λ∂2l(θ,λ,β)∂θ∂β∂2l(θ,λ,β)∂λ2∂2l(θ,λ,β)∂λ∂β∂2l(θ,λ,β)∂β2]-1|θ=θ^,λ=λ^,β=β^.(21)

By equating the mean and variance of (θ^,λ^,β^) for gamma priors, we get:

θ^=a1b1&V11=a1b12,λ^=a2b2&V22=a2b22andβ^=a3b3&V33=a3b32.(22)

Hence, the estimated hyper-parameters can be expressed as:

a1=θ^2V11&b1=θ^V11,a2=λ^2V22&b2=λ^V22anda3=β^2V33&b3=β^V33.(23)

Based on the likelihood function (11) and the joint prior density (20), the joint posterior of the SS-PALT of the LBWL distribution with parameters θ,λ, and β is given by:

π(β,λ,θ|x,R=r)∝θm+a1-1(θ-1)mβm2+a3-1λ2m-a2+1e-b1θ-b2λ-b3β∏i=1mu(xiDi-θ(1+ri)-1kiri)∏i=1ma[(τ+β(xi-τ))Wi-θ(1+ri)-1hiri],(24)

Therefore, the Bayesian estimators of the parameters θ,λ, and β under the SELF, which are denoted as θ̃,λ̃, and β̃, can be obtained as the posterior mean, which is expressed as follows:

θ̃=∫0∞θπ(β,λ,θ|x,R=r)dθ,λ̃=∫0∞λπ(β,λ,θ|x,R=r)dλ,andβ̃=∫0∞βπ(β,λ,θ|x,R=r)dβ.(25)

The integrals presented in (25) are very difficult to solve analytically, so the Markov chain Monte Carlo (MCMC) method is used in this paper for a numerical evaluation. An important sub-class of the MCMC method is the Gibbs sampling and a more general Metropolis within Gibbs samplers. The MCMC method was first introduced in [25,26]. The Metropolis–Hastings (MH) algorithm and the Gibbs sampling are the two most popular variants of the MCMC method. Similar to the acceptance-rejection sampling, the MH method considers that for each iteration of the algorithm, a candidate value can be generated from a proposal distribution. The MH algorithm generates a sequence of draws from this distribution by conducting the following steps:

1.    Set the initial value (Ωl〈0〉);Ω=(β,λ,θ);l=1,2,3 satisfying the condition of π(Ωl〈0〉)>0.

2.    Using the initial value, sample a candidate point (Ω*) from proposal q(Ω*).

3.    Given the candidate point (Ω*), calculate the acceptance probability by:

Al= min(1,L1(Ωl*|x,R=r)π(Ωl*)L1(x|Ωl,R=r)π(Ωl)q(Ωl)q(Ωl*));l=1,2,3(26)

4.    Draw a value of u from the uniform (0, 1) distribution; if u≤Al, accept Ωl* as Ωl〈j〉.

5.    Otherwise, reject Ωl* and set Ωl〈j〉=Ωl〈j-1〉.

6.    Repeat Steps 2–5 (j + 1) times until j draws.

7.    Obtain the Bayes estimate of Ωl with respect to the SELF by ∑j=1J(Ωl〈j-1〉)jJ.

8.    Repeat Steps (1–7) l times to obtain the Bayesian estimate of Ωl.

According to [26], the BCIs of the parameters Ω=(β,λ,θ) can be obtained through the following steps:

1.    Arrange Ωl〈j〉;l=1,2,3 as β[1],β[2],…,β[M], λ[1],λ[2],…,λ[M], and θ[1],θ[2],…,θ[M], where M denotes the length of the generated simulation.

2.    The 100(1-α)% symmetric credible intervals of β,λ, and θ are obtained as:

(β[Mα2],β[M(1-α2)]),(λ[Mα2],λ[M(1-α2)])and(θ[Mα2],θ[M(1-α2)]).(27)

5  Bootstrap Confidence Intervals

In this section, different bootstrap CIs of population parameters and acceleration factor based on the PTIIC data with binomial removal are proposed for the LBWL distribution.

5.1 Percentile Bootstrap (PB) Confidence Intervals

     i)  Compute estimates of θ,λ, and β by the ML and Bayesian methods.

    ii)  Generate bootstrap samples of θ,λ, and β to obtain the bootstrap estimate of βk, λk, and θk denoted as β^kb,λ^kb, and θ^kb, respectively.

   iii)  Repeat Step (ii) B times to obtain (βkb(1),βkb(2),…,βkb(B)), (λkb(1),λkb(2),…,λkb(B)), and (θkb(1),θkb(2),…,θkb(B)).

    iv)  Arrange (βkb(1),βkb(2),…,βkb(B)), (λkb(1),λkb(2),…,λkb(B)), and (θkb(1),θkb(2),…,θkb(B)) in ascending order as (βkb[1],βkb[2],…,βkb[B]), (λkb[1],λkb[2],…,λkb[B]), and (θkb[1],θkb[2],…,θkb[B]).

     v)  A two-sided 100(1-α)% percentile bootstrap CIs for unknown parameters β,λ, and θ are given by (β^kb[Bα2],β^kb[B(1-α2)]), (λ^kb[Bα2],λ^kb[B(1-α2)]), and (θ^kb[Bα2],θ^kb[B(1-α2)]), respectively.

5.2 Bootstrap-t (BT) Confidence Interval

Steps 1 and 2 are the same as Steps (i) and (ii) in the previous BP algorithm, respectively.

Step 3. Compute the t-statistic of β,λ, and θ by T=(Ω^kb-Ω^k)/(V(Ω^k b)).

Step 4. Repeat Steps 1–3 B times and obtain T(1), T(2),…,T(B).

Step 5. Arrange T(1), T(2),…,T(B) in ascending order as T [1], T[2],…,T[B].

Step 6. A two-sided 100(1-α)% BT-CIs for the population parameters β,λ, and θ are given by

(β^k-Tk[Bα2]V(β^k),β^k+Tk[B(1-α2)]V(β^k)),(λ^k-Tk[Bα2]V(λ^k),λ^k+Tk[B(1-α2)]V(λ^k)),and(θ^k-Tk[Bα2]V(θ^k),θ^k+Tk[B(1-α2)]V(θ^k)),respectively.

6  Simulation Study

The performance of the proposed methods for estimation of the LBWL distribution based on the SS-PALT under PTIIC was verified by the Monte-Carlo simulation via R-package. The Bayesian estimators were obtained using the gamma priors under the SELF. The main difficulty in the Bayesian procedure was obtaining the posterior distribution. The MH algorithm and the Gibbs sampling were used to simulate deviates from the posterior density. The simulation steps were as follows:

➣   Generate 10000 random samples of size n = 50, 100 from the LBWL distribution based on the SS-PALT under the PTIIC.

➣   Use the CDF of the LBWL distribution and the uni-root function in the R-package to generate the random number of the LBWL distribution in the numerical algorithm.

➣   For different parameters and τ, select two sets of parameters’ values as:


○   Set I: (β=1.5,λ=0.5,θ=1.5,τ=2),(β=3,λ=0.5,θ=1.5,τ=2),

○   Set II: (β=1.5,λ=0.5,θ=3,τ=0.75),(β=3,λ=0.5,θ=3,τ=0.75);



➣    In the PTIIC, select the sample size (failure items) m as m = 35, 45 at n = 50, and m = 70, 80, 90 at n = 100. Set the binomial parameter p as p = 0.25 and 0.75.

➣    Calculate the ML estimates and associated ACIs, and the Bayesian estimates and associated credible intervals at α=0.05.

➣    Evaluate the performance of the estimates based on the accuracy measures, including biases, mean square errors (MSEs), and lengths of CIs (L.CIs). The simulation results are presented in Tabs. 1–4.

Table 1: ML and Bayesian estimates of LBWL parameters and acceleration factor based on PTIIC data with p = 0.25 for Set I

[image: images]

Based on the obtained simulation results, the following conclusions can be drawn:

•   For fixed values of n and p, the biases, MSE values, and L.CIs values of the parameter estimates decreased for both estimation methods with m.

•   For fixed values of m and p, the biases, MSE values, and the L.CIs values of the parameter estimates decreased for both estimation methods with n.

•   For fixed n and m, the biases, MSE values, and the L.CIs values of the parameter estimates decreased for both estimation methods with p.

•   In most sets of parameters, for fixed values of λ,θ, and τ, the biases, MSE values, and the L.CI values of estimates of λ and θ decreased for both estimation methods with β, while those of estimate of β increased with β.

•   For fixed n, m, p, and sets of parameters, the biases, MSE values, and the L.CIs values of estimates increased for both estimation methods with τ.

•   In most situations, the measures of Bayesian estimates were better than those of the ML estimates.

Table 2: ML and Bayesian estimates of LBWL parameters and acceleration factor based on PTIIC data with p = 0.75 for Set I

[image: images]

Table 3: ML and Bayesian estimates of LBWL parameters and acceleration factor based on PTIIC data with p = 0.25 for Set II

[image: images]

Table 4: ML and Bayesian estimates of LBWL parameters and acceleration factor based on PTIIC data with p = 0.75 for Set II
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Figure 1: Plots of empirical cdf, histogram, PP-plots and QQ-plots for the LBWL distribution

7  Application to Real Data

In order to further demonstrate the performance of the proposed method, a real data set was used. The R-statistical programming language was used for computation. The dataset was an uncensored dataset consisting of the remission times (in months) of a random observation of 128 bladder cancer patients reported in [27]. The LBWL distribution was fitted to real data using the Kolmogorov-Smirnov goodness of the fit test. The estimated values of parameters were: θ^=4.325,λ^=10.974, and p = 0.9983. The empirical CDF, the histogram of the PDF, PP plots, and QQ plots are displayed in Fig. 1.

Based on the real data, the SS-PALT of the LBWL distribution under the PTIIC with binomial removals was considered. The ML and Bayesian estimates of parameters and accelerated factor were calculated. In addition, the ACIs for parameters and accelerated factor of the LBWL distribution at a different significant level for n = 70, β=8, and p = 0.75 were also calculated.

Tab. 5 presents the ML and Bayesian estimates of θ, λ, and β and their standard errors (SEs) at τ=9,β=8 and τ=9,β=15.

Table 5: ML, Bayesian estimates and their SEs based on SS-PALT under PTIIC data with binomial removals for real data

[image: images]

The history plots, approximate marginal posterior density, and MCMC convergence of θ, λ, and β are represented in Fig. 2.

[image: images]

Figure 2: The MCMC plots for data based on SS-PALT under PTIIC data with binomial removals

The ACIs for parameters of the LBWL distribution based on the SS-PALT under the PTIIC data with binomial removals at a different level of significance for n = 70, β=8, and p = 0.75 are presented in Fig. 3.

[image: images]

Figure 3: Plots of ACIs for SS-PALT under PTIIC data with binomial removals of real data

8  Conclusion

In this paper, the Bayesian and maximum likelihood estimation methods for the LBWL distribution are discussed based on SS-PALT using the PTIIC data with binomial removals. The approximate confidence intervals of the ML estimators of the model parameters are assessed based on the Fisher information matrix. In addition, the percentile bootstrap and bootstrap-t confidence intervals are determined. Moreover, the effects of sample size n, failure size m, and removal probability p on the accuracy of estimates are studied by simulation studies. The application of the proposed methods to real data is given for illustration purposes.

The simulation results show that, for fixed values of m and p, the performances of both estimation methods improve with n, and for fixed n and p, their performances improve with m, also for fixed n and m, their performances improve with p. Generally, the Bayesian estimates are better than the ML estimates in most situations. The lengths of the percentile bootstrap and bootstrap-t are smaller than those of the corresponding ACIs. For small sample sizes, Bootstrap- t CIs are better than the Bootstrap-p CIs in the sense of having smaller widths. However, the differences between the lengths of CIs using both methods decrease when sample sizes increase. In fact, the removal probability p is an important factor on the accuracy of the parameter estimates. When p is large, n–m of the n test units would be dropped out at the early stage of the life test.

As a future work, this study can be extended to explore the situation under type-I progressive censoring. Evaluation of the coverage probabilities can also be computed rather than the lengths of the CIs.
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0.0433 0.0800
0.0296 0.0632
0.0102 0.0344
0.3782 0.6833
0.0390 0.0692
0.0393 0.0711

—0.0745
1.6826
5.0790
0.6924
0.7215
—0.0896
1.2659
4.3987
0.6282
0.6527
—0.1022
0.7218
3.3078
0.3440
0.3365
—0.0234
0.4896
2.7428
0.2800
0.2832
—0.0782
0.4635
2.6523
0.2689
0.2756

0.0635
0.0441
0.7854
0.1429
0.1627
0.0553
0.0237
0.5722
0.1070
0.1197
0.0305
0.0052
0.2551
0.0513
0.0532
0.0241
0.0037
0.2182
0.0459
0.0463
0.0229
0.0034
0.2108
0.0371
0.0390

0.2074
0.1113
1.0250
0.2444
0.2712
0.1343
0.0588
0.7923
0.1854
0.2015
0.1229
0.0390
0.6064
0.0918
0.0950
0.0830
0.0223
0.4870
0.0779
0.0805
0.0678
0.0168
0.4327
0.0662
0.0671

0.5616
1.7911
4.7642
0.7288
0.7693
0.4907
1.4221
4.2626
0.6072
0.6112
0.3555
0.7188
3.2410
0.3253
0.3210
0.1366
0.4831
2.7030
0.2862
0.2855
0.1274
0.4633
2.5930
0.2660
0.2712

0.0964
0.0935
1.1341
0.1617
0.1843
0.0993
0.0625
0.9045
0.1282
0.1424
0.0579
0.0210
0.5214
0.0519
0.0549
0.0465
0.0163
0.4666
0.0481
0.0476
0.0385
0.0128
0.4176
0.0419
0.0424

0.2694
0.2597
1.7994
0.2568
0.2803
0.2218
0.2521
1.6620
0.2318
0.2565
0.1536
0.0802
0.9331
0.0934
0.0984
0.1116
0.0563
0.8211
0.0853
0.0879
0.0740
0.0355
0.6799
0.0679
0.0703

0.0630  0.0480
0.7398 0.0140
3.3602  0.4246
0.4502  0.1278
0.4773  0.1473
0.0760  0.0479
0.7194 0.0128
33172 0.4029
0.4364 0.1696
0.4674 0.2013
—0.0087 0.0277
0.2958  0.0046
2.1326  0.2421
0.2157 0.0519
0.2157 0.0517
—0.0021 0.0237
0.2548  0.0039
1.9796  0.2267
0.1949  0.0460
0.2008  0.0476
—0.0262 0.0217
0.2475 0.0031
1.9486 0.2001
0.1867 0.0405
0.1943  0.0421

0.2125
0.1146
1.0332
0.2442
0.2707
0.1708
0.0817
0.8988
0.2644
0.2962
0.1181
0.0355
0.5757
0.0918
0.0909
0.0923
0.0254
0.5098
0.0815
0.0828
0.0688
0.0167
0.4286
0.0715
0.0713

0.3562
0.6540
2.8476
0.4479
0.4659
0.3242
0.5071
2.4867
0.4557
0.4901
0.2036
0.2417
1.7552
0.2084
0.2107
0.1982
0.1899
1.5222
0.1995
0.2008
0.1545
0.1650
1.4733
0.1886
0.1940





