






	Computers, Materials & Continua
DOI:10.32604/cmc.2022.022371
	[image: images]



	Article
	




Robust Frequency Estimation Under Additive Mixture Noise

Yuan Chen1, Yulu Tian1, Dingfan Zhang2, Longting Huang3,* and Jingxin Xu4

1School of Computer and Communication Engineering, University of Science & Technology Beijing, Beijing, 100083, China
2School of Automation Science and Electrical Engineering, Beihang University, Beijing, 100191, China
3School of Information Engineering, Wuhan University of Technology, Wuhan, 430070, China
4Department of Energy and Public Works, Queensland, 4702, Australia

*Corresponding Author: Longting Huang. Email: huanglt08@whut.edu.cn

Received: 05 August 2021; Accepted: 01 December 2021

Abstract: In many applications such as multiuser radar communications and astrophysical imaging processing, the encountered noise is usually described by the finite sum of α-stable (1≤α<2) variables. In this paper, a new parameter estimator is developed, in the presence of this new heavy-tailed noise. Since the closed-form PDF of the α-stable variable does not exist except α=1 and α=2, we take the sum of the Cauchy (α=1) and Gaussian (α=2) noise as an example, namely, additive Cauchy-Gaussian (ACG) noise. The probability density function (PDF) of the mixed random variable, can be calculated by the convolution of the Cauchy's PDF and Gaussian's PDF. Because of the complicated integral in the PDF expression of the ACG noise, traditional estimators, e.g., maximum likelihood, are analytically not tractable. To obtain the optimal estimates, a new robust frequency estimator is devised by employing the Metropolis-Hastings (M-H) algorithm. Meanwhile, to guarantee the fast convergence of the M-H chain, a new proposal covariance criterion is also devised, where the batch of previous samples are utilized to iteratively update the proposal covariance in each sampling process. Computer simulations are carried out to indicate the superiority of the developed scheme, when compared with several conventional estimators and the Cramér-Rao lower bound.
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1  Introduction

Heavy-tailed noise is commonly encountered in a variety of area such as wireless communication and image processing [1–8]. Typical models of impulsive noise are α-stable, Student's t and generalized Gaussian distributions [9–12], which cannot represent all kinds of the noise types in the real-world applications. Therefore, the mixture models have been developed including the Gaussian mixture and the Cauchy Gaussian mixture models [13,14], of which the probability density functions (PDFs) is the weighted sum of the corresponding components’ PDF. However, these mixture models still cannot describe all impulsive noise types, especially for the case where the interference is caused by both channel and device. In astrophysical imaging processing [15], the observation noise is modelled as the sum of a symmetric α-stable (SαS) and a Gaussian noise, caused by the radiation from galaxies and the satellite antenna, respectively. Moreover, in a multiuser radar communication network [16], the multi-access interference and the environmental noise corresponds to SαS distributed and Gaussian distributed variables. Therefore, a new description of the mixture impulsive noise model is proposed, referring to as the sum of SαS and Gaussian random variables in time domain.

In this work, the frequency estimation is considered in the presence of the additive Cauchy-Gaussian (ACG) noise [17,18], which is the sum of two variables with one following Cauchy distribution (α=1) [19] and the other being Gaussian process (α=2). The PDF of ACG noise can be calculated by the convolution of the Gaussian and Cauchy PDFs. According to [20], the PDF of the mixture can be expressed as Voigt profile. Due to the involved form of the Voigt profile, classical frequency estimators [21–24], such as the maximum likelihood estimator (MLE) and M-estimator [25], has convergence problem and cannot provide the optimal estimation in the case of high noise power. To obtain the estimates accurately, Markov chain Monte Carlo (MCMC) [26–28] method is utilized, which samples unknown parameters from a simple proposal distribution instead of from the complicated posterior PDF directly. Among series of MCMC methods, the Metropolis-Hastings (M-H) and Gibbs sampling algorithms are typical ones. The M-H algorithm provides a general sampling framework requiring the computations of an acceptance criterion to judge whether the samples come from the correct posterior or not. While in the case that the posterior PDF is easy to be sampled from, Gibbs sampling is utilized without the calculation of acceptance ratios. It is noted that once the posterior of parameters is known, M-H and Gibbs sampling methods can be utilized in any scenarios.

Because of the Voigt profile in the target PDF of the ACG noise, we choose the M-H algorithm as the sampling method. To improve the performance of the M-H algorithm, an updating criterion of proposal covariance is devised, with the use of the samples in a batch process. Since we assume all unknown parameters are independent, the proposal covariance is in fact a diagonal matrix. Therefore, the square of difference between the neighbor samples is employed as the diagonal elements of proposal covariance, referred to as the proposal variance. Meanwhile, a batch-mode method is utilized to make the proposal variance more accurate. As the proposal variance is updated only according to the samples in each iteration, this criterion can be extended to any other noise type such as the Gaussian and non-Gaussian processes.

The rest of this paper is organized as follows. We review the MCMC and M-H algorithm in Section 2. The main idea of the developed algorithm is provided in Section 3, where the PDF of the additive impulsive noise and posterior PDF of unknown parameters are also included. Then the Cramér-Rao lower bounds (CRLBs) of all unknown parameters are calculated in Section 4. Computer simulations in Section 5 are given to assess the performance of the proposed scheme. Finally, in Section 6, conclusions are drawn. Moreover, a list of symbols is shown in Tab. 1, which are appeared in the following.

[image: images]

2  Review of MCMC and M-H Algorithm

Before reviewing the M-H algorithm, some basic concepts, such as Markov chain should be introduced [29,30]. By employing several dependent random variables {x(l)} [31], we define a Markov chain as

x(1),x(2),⋯,x(l),x(l+1),⋯(1)

where the probability of x(l+1) relies only on {x(l)} with the conditional PDF being defined by P(x(l+1)|x(l)). The PDF of x(l+1), denoted by πl+1, can be expressed as

πl+1=∫P(x(l+1)|x(l))πldx(l).(2)

Then the Markov chain is said to be stable if

π∗=P(⋅|⋅)π∗(3)

with π∗=liml→∞⁡πl+1. To ensure (3), a sufficient but not necessary condition can be written as

πlP(x(l+1)|x(l))=πl+1P(x(l)|x(l+1)).(4)

Typical MCMC algorithms draw samples from the conditional PDF P(x(l+1)|x(l)) with a Markov chain, instead of directly sampling from a target PDF f(x). Therefore, if a proper conditional PDF P(⋅|⋅) is chosen, the stationary distribution can align with the target PDF f(x). In other word, samples drawn from a stable Markov chain will eventually tend to be generated from f(x) accordingly. Furthermore, only samples generated from the stable Markov chain are independent and identically distributed (IID).

In the following, the details of the MCMC method are provided in Tab. 2. It is worth to point out that the burn-in period is a term of an MCMC run before convergent to a stationary distribution.
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Among typical MCMC methods, M-H algorithm is commonly employed, whose main idea [32] is drawing samples from a proposal distribution with a rejection criterion, instead of sampling from P(x(l+1)|x(l)) directly. In this method, a candidate, denoted by x∗ is generated from a proposal distribution q(x∗|x(l)). Then the acceptance probability is defined as

A(x(l),x∗)=min{1,q(x(l)|x∗)f(x∗)q(x∗|x(l))f(x(l))},(5)

which determines whether the candidate is accepted or not. It is noted that the proposal distributions are usually chosen as uniform, Gaussian or Student's t processes, which are easier to be sampled. The details of the M-H algorithm can be seen in Tab. 3.
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In the M-H algorithm, to prove the stationary, we define a transition kernel [33] as

P(x(l+1)|x(l))=q(x(l+1)|x(l))A(x(l),x(l+1))+δ(x(l+1)−x(l))B(x(l)),(6)

where B(x(l))=∫q(x∗|x(l))(1−A(x(l),x∗))dx∗. By employing (4), (6) can be rewritten as

P(x(l+1)|x(l))=min{q(x(l+1)|x(l)),q(x(l)|x(l+1))f(x(l+1))f(x(l))}+δ(x(l+1)−x(l))B(x(l)).(7)

Then we have

P(x(l+1)|x(l))f(x(l))=min{q(x(l+1)|x(l))f(x(l)),q(x(l)|x(l+1))f(x(l+1))}+δ(x(l+1)−x(l))B(x(l))f(x(l)),(8)

P(x(l)|x(l+1))f(x(l+1))=min{q(x(l)|x(l+1))f(x(l+1)),q(x(l+1)|x(l))f(x(l))}+δ(x(l)−x(l+1))B(x(l+1))f(x(l+1)).(9)

According to [33], it can be proven that δ(x(l+1)−x(l))B(x(l))f(x(l))=δ(x(l)−x(l+1))B(x(l+1))f(x(l+1)). Therefore, with the use of (8)-(9) as well as (4), the balance condition of the M-H algorithm can easily to be hold.

In this algorithm, samples obtained in each iteration are closing to each other and can be highly correlated since M-H moves tend to be local moves. Asymptotically, the samples drawn from the Markov chain are all unbiased and all come from the target distribution.

3  Proposed Method

Without loss of generality, the observed data y=[y1,y2,⋯,yN]T is modeled as:

yn=Acos(ωn+φ)+qn=a1cos(ωn)+a2sin(ωn)+qn,(10)

where a1=Acos(φ),a2=−Asin(φ) with A, ω, φ denoting amplitude, frequency and phase, respectively. The qn=cn+gn is the IID ACG noise, where cn is the Cauchy noise with unknown median γ and gn is the zero-mean Gaussian distributed with unknown variance σ2. Here our task is estimating A, ω and φ from observations {yn}n=1N.

3.1 Posterior of Unknown Parameters

Here we investigate the posterior of unknown parameters. Before that, we first express the PDFs of noise terms cn and gn as:

fC(cn|γ)=γπ(cn2+γ2),(11)

fG(gn|σ2)=12πσexp⁡(−gn22σ2).(12)

Then the PDF of the mixture noise qn, known as the Voigt profile [23], can be computed according to convolution of (9) and (10), which is

fQ(qn|γ,σ2)=∫−∞∞γπ((qn−τ)2+γ2)12πσe−τ22σ2dτ=Re{wn}σ2π,(13)

where

wn=exp⁡(−(qn+iγσ2)2)(1+2iπ∫0qn+iγσ2exp(t2)dt).(14)

Let θ=[a1,a2,ω,γ,σ2]T being unknown parameter vector. According to the investigation in [34], the unknown parameters a1 and a2 are usually assumed to be following the IID Gaussian distribution with variance δ2 and zero mean. While ω is the continuous uniform distributed between 0 and π, respectively.

Furthermore, it is also assumed in [34] that both γ and σ2 follows the conjugate inverse-gamma distributions. Therefore, the priors for all unknown parameters a1,a2,ω,γ and σ2 can be written as

f(a1,a2)=f(a1)f(a2)=12πδ2exp⁡(−a12+a222δ2),(15)

f(ω)=1π,ω∈[0,π],(16)

f(γ)=βαΓ(α)γ−α−1exp⁡(−βγ),(17)

f(σ2)=βαΓ(α)σ−2α−2exp⁡(−βσ2),(18)

where α and β are set to α=10−10 and β=0.01, respectively.

According to the PDF expression of ACG noise in (13), the conditional PDF of the observation vector y has the form of
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where en=yn−a1cos(ωn)−a2sin(ωn) denotes the residual between the observed data and the noise-free signal, and

vn=exp⁡(−(en+iγσ2)2)(1+2iπ∫0en+iγσ2exp(t2)dt).(20)

Assume that the priors for all unknown parameters θ and the observations y are statistically independent. With use of (15)–(18) and (19)–(20) as well as Bayes’ theorem [25], the posterior expression of all unknown parameters θ can be

f(θ|y)=f(y|θ)f(a1,a2)f(ω)f(γ)=C1NC2N∏n=1NRe{vn},(21)

where C1=β1α1β2α2(2π)32πδ2σΓ(α1)Γ(α2) and C2=exp⁡(a12+a222δ2+β1γ+β2σ2).

3.2 Proposed M-H Algorithm

Due to the multimodality of the likelihood function, the maximum likelihood estimator cannot be employed and the high computational complexity of the grid search. Furthermore, other typical robust estimators, such as the ℓ1-norm minimizer [35], cannot provide optimum estimation for the mixture noise. Moreover, even when the posterior PDFs of each unknown parameters f(θ|y) are known, the Gibbs sampling algorithm cannot be applied because of the complicated expression in (21).

Therefore, to estimate parameters accurately, the M-H algorithm is utilized, whose details are provided in Tab. 3. To simplify the sampling process, the multivariate Gaussian distribution is selected as the proposal distribution q(⋅|⋅). In l-th sampling iteration, q(x∗|x(l−1)) can be written as

q(x∗|θ(l−1))=12π|Σ(l−1)|exp⁡(−12(x∗−θ(l−1))T(Σ(l))−1(x∗−θ(l−1))),(22)

where x∗=[x1x2x3x4x5]T is the candidate vector with x1,x2,x3,x4 and x5 corresponding to a1,a2,ω,γ and σ2, respectively, θ(l−1)=[θ1(l−1)θ2(l−1)θ3(l−1)θ4(l−1)θ5(l−1)]T denotes the proposal mean vector with θ(l−1) being the samples in (l−1) th iteration and the Σ(l) is the 5×5 proposal covariance matrix. With the assumption that all unknown parameters are independent, the Σ(l) is regarded as a diagonal matrix. Furthermore, the main diagonal entries of the proposal covariance are also called the proposal variances.

It is noted that the larger proposal variance will cause a faster convergence but possible oscillation around the correct value. While the smaller values of proposal variance lead to slower convergence but small fluctuation. Therefore, the choice of the proposal variance will significantly influence the performance of the estimator. In this paper, a batch-mode proposal variance selection criterion is developed.

To estimate Σ(l), we define two new batch-mode vector using the former L sampling vectors, which are

Φ1=[θ(l−L)θ(l−L−1)⋯θ(l−1)]TΦ2=[θ(l−L−1)θ(l−L−2)⋯θ(l−2)]T,(23)

where L is also called the length of the batch-mode window. Then the proposal covariance Σ(l) can be defined by the empirical covariance of Φ1 and Φ2, which is

Σ(l)=(Φ1−Φ2)(Φ1−Φ2)T.(24)

To state the criterion clearly, the details are also shown in Fig. 1.
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Figure 1: The construction of the proposal covariance

To start the algorithm, the initial estimate of θ and the burn-in period P should be determined. As it is discussed before, θ(1) can be chosen arbitrarily because the initialization of the M-H method only affects the convergence rate. To guarantee the enough samples in the batch-mode criterion, the first P burn-in samples are generated with a fixed proposal covariance. From the l-th iteration (l=P+1,P+2,⋯), θ(l) is calculated by the M-H algorithm using an adaptive Σ(l).. After K numbers of sampling, the estimates a^1, a^2 and ω^ are obtained from the mean of the first three row of the samples, which are

a^1=1K−P∑l=P+1Kθ(l)(1),a^1=1K−P∑l=P+1Kθ(l)(2),ω^=1K−P∑l=P+1Kθ(l)(3),(25)

where θ(l)(1), θ(l)(2) and θ(l)(3) are the first three elements of l-th sampling vector, respectively. The details of the proposed algorithm are shown in Tab. 4.
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Finally, utilize the definition of a1=Acos(φ) and a2=−Asin(φ), we can obtain the estimates of amplitudes and phase, denoted by A^ and ϕ^,

A^=a^12+a^22,(26)

ϕ^=−atan(a^2a^1).(27)

4  Derivation of CRLB

Let ψ=[Aωϕγσ2]T. According to [21], the CRLB of ψ is usually obtained by the diagonal elements of F−1. Then we have

F(m,k)=−E{∂log⁡f(y|ψ)∂ψ(∂log⁡f(y|ψ)∂ψ)T}=−E{∑n=1N∂log⁡f(yn|ψ)∂ψ(∂log⁡f(yn|ψ)∂ψ)T},(28)

where m,k=1,⋯,5 and

∂log⁡f(yn|ψ)∂ψ=[1σ2cos⁡(ωn+ϕ)Re{(yn−Acos⁡(ωn+ϕ)+iγ)vn}Re{wn}1σ2Ansin⁡(ωn+ϕ)Re{(yn−Acos⁡(ωn+ϕ)+iγ)vn}Re{vn}1σ2Asin⁡(ωn+ϕ)Re{(yn−Acos⁡(ωn+ϕ)+iγ)vn}Re{vn}−Re{i(yn−Acos⁡(ωn+ϕ)+iγ)wn}+22πσ2σ2Re{vn}Re{(yn−Acos⁡(ωn+ϕ)+iγ)2vn}+γ2πσ2σ2σ2Re{vn}−12σ2].(29)

Due to the complicated integral of vn in (20), the closed-form expression of (29) is difficult to be obtained. As a result, with M Monte Carlo trials, (28) is calculated as

F^(k,l)≈−1M∑m=1M∑n=1N∂log⁡f(ynm|ψ)∂ψ(∂log⁡f(ynm|ψ)∂ψ)T,(30)

where ynm denotes the n-th observed data in m-th trial. Apparently, (30) is only an approximation of the expectation. Therefore, a sufficiently large value of M will make (30) approaching (28).

5  Simulation Results

To assess the proposed algorithm, several simulations have been conducted. The mean square frequency error (MSFE), referred to as E{(ω^−ω)2}, is employed as the performance measure. Then the noise-free signal sn is generated with the use of (10) where A=9.33,ω=0.76 and ϕ=0.5. In the M-H algorithm, the initial estimate is set to as [11111]T, while the number of iterations is K=8000. Here comparison with conventional estimators, such as the ℓ1-norm estimator, MLE and M-estimator [24] are provided due to its robust and suboptimal for the Cauchy noise, while the CRLB are also included as a benchmark. It is noted that the ℓ1-norm minizer is solved by the least absolute deviation [36], while the initial values of MLE and M-estimator are defined using fast Fourier transform. Furthermore, the stopping criterion of these three methods are relative error smaller than 10−8. Simulations are obtained by using Matlab on Intel(R) Core(TM) i7-4790 CPU@3.60 GHz in Windows 7 operation system. While all results are based on 500 Monte Carlo runs and a data length of N=100.

First of all, the choice of the batch-mode window length L for the proposal covariance matrix is studied. Here the density parameters of ACG noise are set to γ=0.05 and σ2=0.5. Figs. 2 and 3 shows the MSFE vs. L and the corresponding computational time. Here the computation time is measured with stopwatch timer in the simulator. It is shown that when L≤1000, the MSFE can be aligned with CRLB, while the computational cost of the proposed algorithm becomes higher when L increases. Therefore, in the following test, we choose L as 1000.
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Figure 2: MSFE vs. L
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Figure 3: The computational cost vs. L

Second, the convergence rate of the unknown parameters is investigated. Meanwhile, the burn-in period P can be determined, accordingly. In this test, the density parameters are identical to the previous test. Figs. 4 and 5 indicates the estimates of all unknown parameters in different iteration number l, which are ω, A, ϕ, γ and σ2. It can be seen in these figures that after the first 2000 samples, the sampled data approaches the true values of unknown parameters. Therefore, the burn-in period P can be chosen as 2000 in this parameter setting.
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Figure 4: Estimates of unknown parameters vs. iteration number k
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Figure 5: Estimates of density parameters vs. iteration number l

Finally, the MSFE of the proposed estimator is considered. In this test, all parameters are chosen as the same with the previous test. As there is no finite variance for ACG noise [18], the signal-to-noise is difficult to be defined. Therefore, here γ is scaled to produce different noise conditions. According to the study in the previous test, we throw away first 2000 samples to guarantee the stationary of the Markov chain. It is observed in Fig. 6 that the MSFE of the proposed method can attain the CRLB when γ∈[−20,10] dB. Furthermore, the proposed algorithm is superior to the other three estimators, since it still can work well in higher γ.

[image: images]

Figure 6: Mean square frequency error of ω vs. γ

6  Conclusion

In this paper, with the use of the M-H algorithm, a robust parameter estimator of a single sinusoid has been developed, in the presence of additive Cauchy-Gaussian noise. Meanwhile, a new proposal covariance updating criterion is also devised by employing the squared error of the batch-mode M-H samples. It is shown in simulation results that the developed estimator can attain the CRLB with a stationary M-H chain, indicating the accurate of our scheme. In the future work, the method can be extended to the signals with more complicated models.
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Table 1: List of symbols

Notation Description Notation Description

X Matrix r Transpose

X Vector ! Inverse

X(m, n) (m,n) entry of X E(x) Expectation of x

1X| Determinant of X & partial derivative on x

X Estimates of x x,, X(n) n-th entry of x

o® k-th samples Re{x} Real part of x

8(+) Dirac delta function U@o,1) Standard uniform distribution
re) Gamma function i i=+—1

atan(-) Arctangent function exp(-) Exponential function

113.1o f(x) Limit of a function ff f(x)dx Definite integral of f(x) from 4 to B
1 Identity matrix F Fisher information matrix
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Table 3

: Steps of M-H algorithm

. Initialize x®;

.Sample u ~ U(0, 1);

.Sample x* ~ g(x*|x"), [ =1,2,------ :
. Calculate A(x®, x*) according to (5);
Jdfu < A(xo, x¥)

x(H—l) = x*

else
xXU+hH = xO

. Repeat Steps (ii)—(iv);
. Discard the first P burn-in samples.
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Table 4: The proposed algorithm

1. Initialize @ as all ones;
2. generate P sample vector using M-H algorithm in Tab. 3 with the fixed
¥ =15 x 5, where I; x 5 is an identity matrix;
3.For/=P+1,P+2,-----.
3.1 compute X using (24);
3.2 obtain " using M-H algorithm in Tab. 3 and X®.
4. Estimate the unknown parameters with (25).






OEBPS/Images/logo.png





OEBPS/Images/CMC_22371-fig-4.png
15

10

>3

0
0 2000 4000 6000 8000 0 2000 4000 6000 8000
| |

0.5
= —S— Estimated value
0 Ture value
-0.5

0 2000 4000 6000 8000
|





OEBPS/Images/CMC_22371-fig-2.png
MSFE

-40

-45 |

T T T

—&— Proposed method

CRLB

-60
200

400

600

800 1000 1200
L

1400 1600 1800 2000





OEBPS/Images/table-2.png
Table 2: Steps of MCMC method

1. Initialize x» using an arbitrary value;
2. Iteratively draw x¢+b from the conditional PDF P (x¢+b |x®);
3. Throw out the first P burn-in period samples.
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