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Abstract: Traditional Fuzzy C-Means (FCM) and Possibilistic C-Means (PCM) clustering algorithms are data-driven, and their objective function minimization process is based on the available numeric data. Recently, knowledge hints have been introduced to form knowledge-driven clustering algorithms, which reveal a data structure that considers not only the relationships between data but also the compatibility with knowledge hints. However, these algorithms cannot produce the optimal number of clusters by the clustering algorithm itself; they require the assistance of evaluation indices. Moreover, knowledge hints are usually used as part of the data structure (directly replacing some clustering centers), which severely limits the flexibility of the algorithm and can lead to knowledge misguidance. To solve this problem, this study designs a new knowledge-driven clustering algorithm called the PCM clustering with High-density Points (HP-PCM), in which domain knowledge is represented in the form of so-called high-density points. First, a new data density calculation function is proposed. The Density Knowledge Points Extraction (DKPE) method is established to filter out high-density points from the dataset to form knowledge hints. Then, these hints are incorporated into the PCM objective function so that the clustering algorithm is guided by high-density points to discover the natural data structure. Finally, the initial number of clusters is set to be greater than the true one based on the number of knowledge hints. Then, the HP-PCM algorithm automatically determines the final number of clusters during the clustering process by considering the cluster elimination mechanism. Through experimental studies, including some comparative analyses, the results highlight the effectiveness of the proposed algorithm, such as the increased success rate in clustering, the ability to determine the optimal cluster number, and the faster convergence speed.
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1  Introduction

Clustering is an unsupervised machine learning methodology that offers a suite of algorithms to discover a structure in the given unlabeled dataset. Clustering techniques have been widely applied in various fields such as industrial chains [1], collective intelligence [2], and image processing [3,4]. Depending on whether additional knowledge hints are incorporated into the clustering process, clustering algorithms can be classified into data-driven and knowledge-driven. The classical objective function-based K-means [5] and FCM algorithms [6,7], as well as some improved algorithms [8–11] are data-driven clustering algorithms. Data-driven clustering uncovers the potential structure by only considering the relationships present in the unlabeled data, thus ignoring the impact of domain knowledge on clustering. This clustering process lacks a clear search direction, resulting in a slower completion of the clustering task [12,13]. As opposed to data-driven clustering, knowledge-oriented clustering increases the consideration of compatibility with knowledge hints so that the overall optimization process focuses on a specific search direction, thus improving the effectiveness [12–15].

Knowledge-driven clustering simulates the process of differentiating items in reality, that is, purposefully and quickly finding specific objects when provided with extra knowledge hints. For example, in the fuzzy clustering with viewpoints (V-FCM) algorithm proposed by Pedrcyz et al., the knowledge hints (called viewpoints) are extreme data (minimum, maximum, medium, etc.) [12]. Those viewpoints directly replace some of the prototypes during the optimization process as a way to achieve the navigation of a personalized search for the structure. Based on this knowledge-driven clustering framework, Tang et al. proposed possibilistic fuzzy clustering with a high-density viewpoint (DVPFCM) algorithm [13]. The DVPFCM algorithm replaces the personality viewpoints in the V-FCM algorithm with a high-density point to guide the algorithm to find centers closer to the actual data structure. Compared with V-FCM, the DVPFCM algorithm is more robust. To better deal with datasets with irregular structures, Tang et al. proposed the Knowledge-induced Multiple Kernel Fuzzy Clustering (KMKFC) in which the kernel distance is adopted [14]. However, V-FCM, DVPFCM, and KMKFC all output domain knowledge as part of the prototype and change the partition matrix U directly, which means that some clustering results are determined before the algorithm is executed. The flexibility of the algorithm is greatly limited, and the domain knowledge has too much influence.

In addition to these V-FCM-based algorithms, transfer clustering is another type of knowledge-based clustering. The self-taught clustering proposed in [16] which is a transfer clustering strategy based on the strength of mutual information. Jiang et al. [17] introduced the transfer learning idea into spectral clustering and then presented the transfer spectral clustering algorithm. Reference [18] introduced the concept of transfer learning to prototype-based fuzzy clustering and provided two clustering algorithms. The core idea of these algorithms is to extract knowledge from an auxiliary dataset and then improve the learning ability of the target dataset. However, there are not always auxiliary data to help cluster the target data in reality. Moreover, the number of clusters in knowledge-driven clustering based on the idea of V-FCM and transfer clustering is given in advance. However, in reality, the value of this parameter is difficult to obtain directly.

The research progress in knowledge-driven clustering shows that most studies focus on knowledge utilization related to the clustering center location to locate the final clustering centers more accurately or with more personality viewpoints. However, another factor that affects the performance of clustering algorithms, the number of clusters, is ignored. Existing knowledge-driven clustering algorithms are predicated on the premise that this domain knowledge is given in advance, but in reality, the number of clusters is hard to determine, and it has a significant impact on the effectiveness of clustering [19,20]. The number of clusters directly influences the granularity of the grouping and the interpretability of the results. If the number of clusters is too high, the algorithm might overfit the data, resulting in too many small, fragmented clusters that fail to reveal meaningful patterns. Conversely, if the number of clusters is too low, the algorithm might underfit the data, merging distinct groups and obscuring important differences.

A simple and direct way to determine the number of clusters is to use a cluster validity index (CVI) to measure the clustering performance under different numbers of clusters and then select the number of groups corresponding to the best metric value as the optimal number of clusters. This is also a common approach in the current clustering field to detect the correct number of clusters [20–22]. However, this method has the issues of costly computation and excessive testing of clustering numbers (usually ranging from 2 to the square root of the sample numbers, with an increment of 1), as well as the problem of obtaining different optimal cluster numbers with different CVIs [23]. Rodriguez and Laio proposed a density peak clustering (DPC) algorithm which identifies cluster centers based on two key criteria: high local density and a large distance from other points with higher densities [24]. It does not require a predefine cluster number but allows manual selection based on the decision graph. However, its time complexity is high, at 𝒪(n2) where N is the number of samples. Consequently, some methods have been proposed to reduce this time cost, such as fast clustering with local density peaks-based minimum spanning tree (Fast LDP-MST) and the Granular ball-based density peak (GB-DP) algorithm [25,26]. Fast LDP-MST designs a more effective method based on minimum spanning tree to reduce the time complexity of DPC to 𝒪(Nlog⁡(N)). The GB-DP algorithm uses granular computing techniques to reduce the original dataset into smaller granules, and then applies the DPC algorithm to cluster these granulated datasets, significantly reducing the algorithm’s time complexity. Although algorithms based on DPC do not require the number of clusters to be predefined and have reduced time complexity, the DPC algorithm is sensitive to the parameter density radius r. Additionally, DPC is a hard clustering algorithm, exhibiting binary characteristics. This binary nature can make it difficult to handle fuzzy boundaries between data points in some cases.

Facing these challenges, our work in this paper attempts to adaptively determine the optimal number of clusters during the clustering process through knowledge guidance. The knowledge extraction algorithm, DKPE, which is proposed first, obtains knowledge tidbits, i.e., high-density points, that help determine the positions of cluster centers. The initial number of clusters is fixed at twice the number of high-density points, which is obviously greater than the actual number of clusters. Finally, combined with the merging clusters schema, the HP-PCM algorithm eliminates redundant cluster centers based on the influence of high-density points. In this way, the proper number of clusters is determined.

By integrating automatic cluster elimination, our approach not only reduces computational overhead but also enhances the consistency and reliability of clustering results. This ensures that high-quality clustering solutions are achieved across various datasets and application scenarios, thereby improving the overall performance and applicability of knowledge-driven clustering algorithms. Moreover, in [12–14], knowledge tidbits directly replaced part of the family of prototypes, resulting in ineffective iterative updates of some cluster centers, as these centers are predetermined before clustering. In this way, the flexibility of the algorithm is severely limited. Therefore, in the proposed clustering algorithm, HP-PCM, adaptive influence weights for knowledge tidbits and a term to measure the matching degree between knowledge and cluster centers in the objective function are added. Our goal is to change the role of knowledge from a decision-maker to a guide, thus improving clustering performance while adaptively updating the cluster results (centers and membership degrees).

The contributions of our proposed HP-PCM algorithm can be summarized as follows:

•   We propose a new knowledge hints extraction method, DKPE, to provide more useful assistance for knowledge-driven clustering. The DKPE method can extract high-density and scattered data as knowledge hints, which are utilized in the HP-PCM algorithm as guides. Its operation is not complicated and does not require additional datasets.

•   The number of knowledge points is used as the basis for setting the initial number of clusters Cini to ensure that Cini is greater than the true value and to improve the efficiency of the algorithm in adaptively determining the final number of clusters.

•   We establish an improved objective function by balancing the relationship between clustering centers and knowledge hints (high-density points) and incorporating the merging clusters schema. This allows the HP-PCM algorithm to obtain more appropriate results and select parameters with a logical explanation.

The rest of this paper is organized as follows. In Section 2, we review the PCM-type and V-FCM-based algorithms. The motivation of this study is elaborated in Section 3. In Section 4, we present our proposed algorithms and their frameworks. The experimental results on synthetic datasets and the UCI datasets are described in Section 5. Finally, Section 6 presents our conclusions.

2  Related Work

In this section, PCM-type algorithms and V-FCM-based algorithms are briefly reviewed, and their main features are discussed. Consider the dataset X={xj}j=1N composed of N samples. The goal of these algorithms is to divide the data into C subsets to form the cluster center set V={vi}i=1C. Each sample xj and cluster center vi belong to Rl where l is the space dimensionality. The distance measure adopted in the algorithms is the Euclidean norm, denoted by ∥⋅∥. The iteration number of the algorithm is t, and the maximum iteration number is tMax.

2.1 PCM-Type Algorithms

The PCM algorithm is an improved FCM algorithm. It addresses the FCM algorithm’s sensitivity to noise by removing the sum-to-one constraint on membership degrees. In PCM, the compatibility of a point with a given cluster depends solely on the distance of the point from the corresponding cluster center. This approach eliminates the need to consider the point’s relationship with other clusters, thereby reducing the impact of outliers and noise on the updates to cluster centers.

PCM does not impose the sum-to-one limit, but a serious problem of the consistency of cluster centers may arise [27,28]. Improper γ values may lead PCM to fail to identify a sparse cluster located very close to a denser cluster, or it may even lead to a cluster center consistency problem [10,28]. To alleviate the shortcomings of PCM, scholars have proposed some improvements. The methods in [29–32] overcome the PCM algorithm cluster center consistency problem to a certain extent. Nevertheless, they cannot eliminate redundant classes if the number of initial clusters exceeds the actual value. Therefore, based on the idea of merging clusters [33], the PCM-type algorithms proposed in [10–11,34,35] have the cluster elimination abilities during their execution. Especially for the adaptive possibilistic clustering (APCM) and sparse-aware adaptive possibilistic clustering (SAPCM) algorithms proposed in [10,11], their update method of γ only considers the data points most relevant to the current center to enhance the flexibility and clustering ability of the algorithm.

However, the initial number of clusters in the abovementioned algorithms is set manually and lacks a reasonable explanation. More importantly, this setting directly affects the clustering performance, particularly in determining the correct number of final clusters [10,11].

2.2 V-FCM-Based Algorithms

The V-FCM algorithm proposed by Pedrycz et al. introduced the concept of “viewpoints” based on the FCM algorithm [12]. A viewpoint is the domain knowledge provided by a user, and it involves navigation for a personalized search of the structure. Viewpoints can be typical situations in data, such as the average, maximum, and minimum. Therefore, the V-FCM algorithm makes the clustering process more accessible with the help of the viewpoints, and the clustering results are more interpretable.

The viewpoints are defined by the two matrixes, denoted as B and F:

bik={1,if the kth feature of the ith propotype is from the viewpoint0,otherwisefik={y,bik=10,otherwise(1)

where y represents a specific value of the viewpoint. The V-FCM algorithm introduces knowledge hints, referred to as “viewpoints”, which result in a different updating equation for cluster centers compared to the FCM algorithm. As seen from (2), during the iteration process, the viewpoint fik remains fixed at the initial position of the prototype, and the parts not replaced by viewpoints need to be updated. This simplification of the clustering process allows for direct determination of clustering results, but it also reduces the flexibility of the V-FCM algorithm. Compared to the FCM algorithm, V-FCM can generate more reasonable and explainable clustering results, especially in extreme cases.

gik={∑j=1Nuijmxjk∑j=1Nuijm,bik=0fik,bik=1(2)

The DVPFCM and KMKF algorithms, which are improved versions of the V-FCM algorithms, improve the algorithm in terms of the knowledge type and distance formula, respectively, to obtain more accurate clustering results and increase its applicability. However, they all ignore the quality of knowledge and the unknown number of clusters, which can affect clustering performance.

3  Motivation

After describing the main characteristics of the PCM-type algorithms and the V-FCM-based algorithms, and based on the challenges mentioned in Section 1, the tasks of HP-PCM can be summarized as follows:

1.    to set the proper initial number of clusters (>true number);

2.    to adaptively obtain the optimal number of clusters;

3.    to balance the relationships of knowledge hints and cluster centers.

The first task is the basis for the second one. Most existing studies on the determination of the optimal cluster number set the initial value through human intervention, which may cause subjective bias. In this study, the first task is performed by proposing a knowledge extraction method, DKPE. This method provides P data points with a relatively high density and scattering distribution. P represents the approximate number of clusters of a dataset and can be used as a reference for setting Cini to be twice of P.

For the second task, we adopt the idea of merging clusters in APCM, but with an automatically determined suitable initial number of clusters. During each iteration, γis are updated by considering only the points that are most compatible with the corresponding vi. This allows the HP-PCM algorithm to discard invalid clusters and obtain the optimal clusters.

The final task is accomplished by adding a term to the objective function that balances the relationship between cluster centers and high-density points identified by the DKPE method. The influence of high-density points on the algorithm adapts during the iterative process, leading to cluster centers that optimize the objective function. The overall road map of HP-PCM is summarized in Fig. 1.
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Figure 1: Road map of the proposed HP-PCM algorithm

4  Possibilistic C-Means Clustering with High-Density Points

This section establishes a knowledge extraction method, DKPE, and a novel clustering algorithm called the PCM clustering algorithm with high-density points (HP-PCM). The DKPE algorithm is designed to provide the HP-PCM algorithm with an appropriate number of initial clusters and high-density points (knowledge hints). Utilizing these knowledge hints, HP-PCM can automatically determine the optimal number of clusters during its clustering process.

4.1 Knowledge Extraction Method Based on Data Density

We propose the density knowledge points extraction (DKPE) method to select high-density points from the dataset as knowledge hints for the proposed HP-PCM clustering algorithm. The idea of DKPE is inspired by a clustering algorithm named clustering by a fast search and find of density peaks (DPC for short) [24].

The DPC algorithm involves calculating the local density and the relative distance between the data and data with higher local densities. This approach is straightforward to implement and ensures that the selected centers are well-dispersed. Similarly, the proposed DKPE method aims to extract high-density and scattered points as knowledge hints for the clustering algorithm. Although these two ideas are similar, the DPC method faces challenges in evaluating its density radius r. This parameter r determines the accuracy of DPC in estimating the density of data points, which in turn affects whether the algorithm can obtain true high-density points. In [24], the value of r is selected experimentally and adopts the first 1% to 2% of the ascending data distance. Furthermore, experiments in the next section show that the DPC centers are different from r in this interval for the same dataset.

The DPC algorithm is sensitive to the radius r but can get some high-density points. How can the performance of DPC be improved so that high-density points can be easily distinguished and extracted? To answer this question, we develop a novel density knowledge extraction method. We redefine the calculation of the local density of a sample xj as follows:

ρj=∑x∈KNN(xj)d(xj,xk),d(xj,xk)=∥xj−xk∥.(3)

where KNN(xj) represents the K-nearest neighbors of xj, K=⌊N⌋. The local density of a data point xj is the sum of its distances from the nearest K data points. The larger the value of ρj is, the farther the point xj deviates from other data points. In other words, the more scattered the data distribution around xj, the smaller its local density. ρj is negatively correlated with the density concept in [24]. Eq. (3) does not introduce other parameters but focuses on the value of K. It is assumed that the clustering problem is reasonable (i.e., N≫C) and a suitable upper bound of clusters number could be set to N in [36]. That is, the crowded areas of a dataset do not exceedN. For the limit idea, assuming N points of a dataset are evenly distributed in N crowded areas, there are N data points around each area. Additionally, those works using the concept of KNN also set K as N to make their algorithms have better performance [37–39]. That is, K=⌊N⌋ is also a commonly used rule. The local density of a data point in the center of a dense area is the highest, so the clustering center point close to the real data structure can be best screened by calculating the distance sum of the K other data points closest to the data point.

The search cost of KNN for each data point in the dataset is 𝒪(N), so the time complexity of DKPE is 𝒪(N2), which is huge. We introduce the KD-tree [40] into the DKPE algorithm to reduce the time complexity of DKPE to be 𝒪(Nlog⁡N).

If the clustering centers are determined by the local density values, it is possible to select some centers in the same dense area because their densities are estimated by the same K number of neighbors. In that case, their densities are also the same. There is a requirement to calculate another parameter δj(j∈{1,…,N}). Its formula is expressed as:

δj=min{d(xk,xj)|ρk<ρj,k∈{1,2,…,N}}.(4)

For the point with the smallest local density, δj=max{d(xk,xj)|j≠k,k∈{1,…,N}}(j∈{1,…,N}).

The data points selected by the DKPE algorithm have smaller ρ and larger δ values. So, they conform to the natural clustering centers characteristics. The DKPE algorithm calculates the local density of a data point based on the K nearest neighbors. Data points with a higher density can be generated semi-automatically, and are unaffected by the density radius r. The specific execution is shown in Algorithm 1.
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4.2 Superiority of the Parameter K

Here, we illustrate the advantage of using the K-nearest neighbors to measure the data local density compared to measuring it with radius r in DPC. The used testing data is a 2-D synthetic dataset that is composed of three Gaussian clusters with centers v1=[0.0578,15.0039], v2=[−5.5063,12.5743], and v3=[4.7078,13.5072], and covariance matrices ∑1=[1.9745−0.0825−0.08250.5087], ∑2=[0.0656−0.0014−0.00140.0711], ∑3=[0.0540000.0503]. The three clusters are composed of 1000, 50, and 100 data points, respectively, making the sample size be N=1150. The data points belonging to the first, second, and third clusters are numbered 1 to 1000, 1001 to 1050, and 1051 to 1150, respectively. The data are shown in Fig. 2a.
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Figure 2: Synthetic dataset D1 and decision graphs of DPC and DKPE on D1. (a) Data distribution. Different colors represent different clusters. (b) DKPE decision graph with K=⌊N⌋=33. The numbers next to the dots are the cluster numbers to which the corresponding data point belongs. (c) Parameter r is the first 1% of the ascending data distance. (d) Parameter r is the first 2% of the ascending data distance

Comparing Fig. 2c,d, it can be found that setting r to the first 2% of the ascending distance provides the decision graph of DPC with a clearer gap between high-density points and non-high-density points than setting r to the first 1% of the distance. This means that the evaluation of local data density is sensitive to the value of r in DPC. In addition, the high-density points in the smaller cluster may be ignored or mistakenly identified as noise, leading to their exclusion—such as the black dot within the orange boxes in Fig. 2c,d. However, the data points chosen in the orange boxes of these two figures are scattered in different clusters, whereas the data points in the red boxes are concentrated within the same cluster.

In Fig. 2b, the high-density points are clearly located away from the non-high-density points, which makes the manual selection operation easy to perform and free of doubt. To show that the proposed DKPE algorithm is less sensitive to the value of K, we calculate the average distance d^ between the high-density points and the reference cluster centers obtained by DKPE and DPC for different values of K and r, respectively. K is varied in the interval [13,43] by an increase of 10. A smaller d^ indicates that the high-density points are closer to the dense areas. The formula of parameter d^ is:

d^=∑i=1Pd(gi,vi)P(5)

The calculation results are summarized in Table 1. The d^ value obtained by DKPE with different K values is approximately 0.1340, while this index exceeds 3.12 in DPC. This shows that DKPE provides a more reasonable measure of local data density based on K.
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Changes in r can lead to variations in the number of data points surrounding the observed data point. In contrast, altering the value of K does not affect the average spacing between points. Within a certain range, the distribution of data points is relatively uniform. Therefore, DKPE can obtain high-density points more accurately and consistently.

4.3 Description of the Proposed HP-PCM Algorithm

Based on the proposed DKPE algorithm, we present the PCM clustering algorithm with high-density points (HP-PCM), and the goals of the algorithm are as follows:

1.    To balance the relationship between the high-density points identified by the DKPE method and the clustering centers, thereby preventing the high-density points from exerting excessive influence;

2.    To adaptively determine the optimal number of clusters with the guidance of knowledge points and the cluster merging mechanism.

Moreover, the proposed HP-PCM algorithm is improved from the PCM algorithm. Therefore, its objective function includes at least three parts: 1) the minimization of the distances between data points and clustering centers; 2) the relationship between clustering centers and high-density points; and 3) the control of uij to eliminate trivial solutions. The objective function of HP-PCM can be expressed as follows:

JHP−PCM(t)=∑i=1C(t)∑j=1N∥xj−vi∥2+∑i=1C(t)∑i=1Pφik∥gk−vi∥2+∑i=1C(t)ηiη^α∑j=1N(uijln⁡uij−uij)+∑i=1C(t)σi∑k=1Pφikln⁡φiks.t.∑k=1Pφik=1,0≤φik≤1.(6)

Here, C(t) is the clusters number in the tth iteration. The term ηiη^α is a redefinition of γi in the PCM algorithm, and η^=min(ηi), (i=1,…,C(t)). α is assumed to be a predefined positive value. In the initial setting stage, C(0) is set to a greater value than the real number of clusters C. The FCM algorithm generates C(0) initial clustering centers vi(FCM) and the corresponding uij(FCM) where i=1,…,C(0). Then, we initialize ηi as follows:

ηi=∑j=1Nuij(FCM)∥xj−vi∥∑j=1Nuij(FCM),i=1,…,C(0).(7)

G=[gk]k=1,…,P in (6) refers to the P high-density points obtained by DKPE. The proposed HP-PCM algorithm strives to obtain scattered clustering centers in dense areas. Therefore, the second term of (6) serves as the knowledge guidance function of high-density points. φik measures the influence of the high-density point gk on the clustering center vi, and there is a constraint ∑k=1Pφik=1. The fourth term of Eq. (6) is to prevent a valueless solution for φik. The specific meaning of σi will be explained later, and its calculation is carried out as

σi=∥vi−G¯∥2,G¯=∑k=1PgkP.(8)

According to the optimization that invokes the Lagrange multipliers, the updated formula of uij(t), vi(t+1), and φik(t) are as follows:

uij(t)=exp⁡(−α∥xj−vi(t−1)∥2ηi(t−1)η^),(9)

vi(t+1)=∑j=1Nuij(t)xj+∑k=1Pφik(t)gk∑j=1Nuij(t)+∑k=1Pφik(t),(10)

φik(t)=exp⁡(−∥gk−vi(t−1)∥2σi)∑i=1(t−1)exp⁡(−∥gk−vi(t−1)∥2σi).(11)

As seen in (11), on the one hand, if (∥gk−vi∥2) of the term exp⁡(−∥gk−vi∥2/σi) is too large, then the numerator exp⁡(−∥gk−vi∥2) will become too small as it approaches to zero. Then, we need to avoid this situation to ensure that as many high-density points are used for guidance during this updating step as possible. On the other hand, if the term (∥gk−vi∥2) is too small, then the numerator exp⁡(−∥gk−vi∥2) will approach to one, if this happens, too many high-density points will be used for guidance. We also need to avoid this situation. Therefore, we need to have a suitable variable to control this term in every iteration step. As it is (∥gk−vi∥2) that causes exp⁡(−∥gk−vi∥2) to be close to zero or one, we can use the σi in (8), which is the mean distance between the current clustering centers and high-density points, to control the value of (∥gk−vi∥2). In this way, the numerator in (11) can be set to be a valid value.

Notable, the update of ηi is:

ηi(t+1)=1ni(t)∑xj:Z∥xj−μi(t)∥,

Z=maxc=1,…C(t+1)ucj(t),(12)

where ni(t) is the number of data points xj that are most compatible with cluster Ci at iteration t and μi(t) denotes the mean vector of these data points. That is, when ηs are updated, it does not consider all the data points that are weighted by their corresponding uij coefficients but only considers the data points that are most compatible with cluster Ci. This characteristic is an essential condition for the subsequent cluster elimination, since the approach allows parameter ηi to approach zero. Thus, it eliminates the corresponding cluster Ci whereas ηi would always remain positive when all data points are taken into account. Concerning the adjustment of the number of clusters C(t) at the tth iteration, we adopt the corresponding operation of the APCM algorithm [10]. Let label be an N-dimensional vector. label(j) stores the index of the cluster that is most compatible with xj. After uijs are updated, invalid clusters must be removed. If the index i of cluster Vi appears at least once in the vector label, Vi is preserved; otherwise, it is removed. Then, Uand V are updated accordingly. As a result, the updated number of clusters C(t) will be reduced (see the possible cluster elimination part in Algorithm 2).

In summary, we form the whole mechanism of HP-PCM, which is a novel PCM algorithm driven by both data and knowledge. Moreover, the HP-PCM algorithm can adaptively obtain the optimal cluster number. Its execution framework is shown in Algorithm 2, and the whole idea is shown in Fig. 3.
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Figure 3: Overall idea of HP-PCM
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High-density points are the essence of the proposed HP-PCM algorithm because they guide the clustering process to more accurately uncover the latent structure of the dataset. The proposed DKPE algorithm introduced in Section 4.1 can obtain these high-density points. Its specific execution is shown in Algorithm 1. After obtaining high-density points, the HP-PCM algorithm is applied for dataset clustering. The initialization of Cini is another key step in the HP-PCM algorithm. Its value should be larger than the actual cluster numbers. In the experiment in Section 5, we show that the number of high-density points got by the DKPE algorithm closely approximates the actual number of clusters. Therefore, we set Cini to be twice the number of high-density points. See Algorithm 2 for other details.

4.4 Computational Complexity

Given the input dataset with N samples and T iterations, there are three main parts for the computational complexity of HP-PCM. The first part is the knowledge extraction method, DKPE. Its main computational cost is searching the K-nearest neighbors of each sample based on the KD-tree structure. Therefore, the time complexity of DKPE is 𝒪(Nlog⁡(N)). The second part involves the FCM algorithm, which obtains the initial cluster centers and membership degrees. The computational complexity of FCM is 𝒪(NTFCMCini), where TFCM is the iteration number of FCM. The third major part of HP-PCM is the T iterations to update the cluster centers and the membership degree matrix. The computational complexity of this part is 𝒪(NTCini). Thus, the overall cost of HP-PCM is 𝒪(Nlog⁡(N)+NTFCMCini+NTCini).

5  Experiments

To verify the performance of our proposed DKPE algorithm for extracting density knowledge points and the clustering performance of the proposed HP-PCM algorithm, we conduct a series of experiments and analyze the corresponding results.

5.1 Used Datasets and Comparative Algorithms

All the information about the datasets used for the experiments, including the total number of samples and the actual number of clusters, is summarized in Table 2. The clustering results for the two-dimensional synthetic datasets visually show the effectiveness of the DKPE and HP-PCM algorithms. Datasets D6 to D13 are mainly used to explore the effects of data dimensionality, structure, size, and other elements on the clustering performance of the proposed HP-PCM algorithm. The UCI datasets (D15 to D19) are used to compare the proposed HP-PCM algorithm with 10 state-of-the-art algorithms across different types, including 1) 3 traditional fuzzy clustering algorithms: FCM, PCM, and PFCM; 2) 2 knowledge-driven fuzzy clustering algorithms: V-FCM and DVPFCM; 3) a density-based clustering algorithm: DPC; 4) 2 advanced possibilistic algorithms: APCM and C-PCM; and 5) 2 clustering algorithms based on performance indices: Silhouette [41] and fRisk4-bA [20]. Among these comparative algorithms, DPC, APCM, Silhouette, and fRisk4-bA are not only used to compare clustering performance but also to evaluate the accuracy and efficiency in determining the number of clusters. The other algorithms are primarily used to compare the performance of clustering models in terms of evaluation metrics, convergence speed, time cost, and adaptability to different datasets. All the used algorithms are implemented by MATLAB R2019b.
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5.2 Evaluation Indices

To evaluate clustering results of algorithms, we employ 1) the success rate (SR), which measures the percentage of patterns that are correctly classified, 2) the Normalized Mutual Information (NMI), which is an asymmetric measure to quantify the statistical information shared between two cluster distributions [42], 3) the Adjusted Rand Index (ARI), which evaluates on a pairwise-basis, 4) the Centroid Index (CI), which counts the number of clusters that miss a centroid, or have too many centroids, 5) the Xie-Beni index (XB), which is popular in measuring fuzzy clustering performance [43]. These five indices allow the number of clusters obtained by algorithms to be inconsistent with the reference number. They are described in detail as follows:

1) The Success Rate (SR) measures the percentage of patterns that are correctly classified. This index is calculated as follows:

SR(+)=∑i=1CdiN(13)

where di is the number of objects correctly identified in the ith cluster, and N is the number of all objects in the dataset.

2) The Normalized Mutual Information (NMI) is an asymmetric measure to quantify the statistical information shared between two cluster distributions [42]. The larger such index is, the more similar the two class distribution are and the better the clustering performance is. NMI is calculated as follows:

NMI(+)=∑i=1I∑j=1JP(i,j)log⁡P(i,j)P(i)P(j)(H(R)H(Q))(14)

where R and Q are two partitions of the dataset. Assume that R, Q have I, J clusters, respectively. P(i) denotes the probability of an object belonging to cluster Ri with R partition. More specifically, P(i)=|Ri|N where |Ri| is the number of samples in cluster Ri. P(i,j) denotes the probability that an object belongs to cluster Ri with R partition and cluster Qj with Q partition. P(i,j) is calculated as P(i,j)=|Ri∩Qj|N. H(R) is the entropy associated with all probabilities P(i) in partition R, and H(R)=−∑i=1IP(i)log⁡P(i). The definition of H(Q) is similar to this.

3) The Adjusted Rand Index (ARI), which evaluates on a pairwise-basis. Assuming that R and Q are two hard partitions, here we first introduce some definitions:

a is the number of data point pairs that belong to the same class with R partition and to the same cluster in Q partition simultaneously;

b is the number of data point pairs that belong to the same class in R partition and to different clusters in Q partition simultaneously;

c is the number of data point pairs that belong to different clusters in R partition and to the same cluster in Q partition simultaneously;

d is the number of data point pairs that belong to different clusters in R partition and to different clusters in Q partition simultaneously.

The ARI is defined as follows:

ARI(+)=a−(a+b)(a+c)d(a+b)+(a+c)2−(a+b)(a+c)d.(15)

4) The Centroid Index (CI) counts the number of clusters that miss a centroid, or have too many centroids. Given two sets of prototypes C={c1,c2,…,ck1} and C={c1,c2,…,ck2}, the nearest neighbor mappings (C→C′) are constructed as follows:

qi← 1≤j≤k2argmin∥Ci−C′∥2,∀i∈[1,k1].(16)

Here, we use orphan (cj′) to denote whether it has a prototype that map to the target prototype cj′:

orphan(cj′)={1,qi≠j,∀i0,otherwise(17)

The dissimilarity of C in respect to C′ is the number of orphan prototypes:

CI1(C,C′)=∑j=1k2orphan(Cj′).(18)

The mapping is not symmetric, i.e., C→C′≠C′→C, so CI is defined as:

CI(−)=max{CI1(C,C′),CI1(C′,C)}.(19)

5) The Xie-Beni index (XB) is popular in measuring fuzzy clustering performance [43]. The XB index focuses on compactness and separation, where compactness is a measure of proximity between data points within a cluster and separation is a measure of the distance between one cluster and another cluster. The XB index is defined as follows:

XB(−)=∑i=1C∑j=1Nuijmd(xj,vi)N×mind(vi,vk).(20)

5.3 Test for DKPE

The DPC algorithm also has the capability to acquire high-density points, but it struggles with the challenge of determining the parameter r, as discussed earlier in Section 4.2. The quality of the obtained high-density points depends heavily on the value of r. Therefore, we propose the high-density point extraction method, DKPE, to overcome the parameter sensitivity. To compare the performance of DKPE and DPC in identifying high-density points, we use the A1–A3 datasets from [44]. The A1–A3 datasets are 2-dimensional datasets with an increasing number of clusters (A1: 20, A2: 35, A3: 50), decreasing distances between clusters, and gradually increasing total sample size (A1: 3000, A2: 5250, A3: 7500), which also indicates increasing clustering difficulty.

Fig. 4 shows the experimental results of the DKPE and DPC algorithms on the A1, A2, and A3 datasets. The red dots in Fig. 4d–f mark the high-density points obtained by the proposed DKPE algorithm, and the blue dots of the high-density points distribution graphs in Fig. 4g–i mark the high-density points obtained by the DPC algorithm.
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Figure 4: Results on the A1–A3 datasets. (a–c) Data distribution and high-density point distribution of A1, A2, and A3, respectively. Different colors and shapes represent different clusters. (d–f) Decision graph of the DKPE algorithm for A1, A2, and A3, respectively. Red points are selected high-density points by DKPE. (g–i) Decision graph of the DPC algorithm for A1, A2, and A3, respectively. Blue points are selected high-density points by DPC

As shown in Fig. 4d–f, the DKPE algorithm highlights the high-density points, creating a clear distinction between these and non-high-density points (represented as black dots in the decision graphs). This clear separation makes it easy for us to extract the high-density points shown in red. In comparison, there is no obvious boundary between the high-density and the non-high-density points for DPC. Therefore, it is difficult for us to distinguish between high-density and non-high-density points. Focusing on the results shown in Fig. 4a–c, we can see that the number of high-density points obtained by the proposed DKPE algorithm equals the reference number. The extracted high-density points are located in dense district centers. Furthermore, the number of cluster centers obtained by the DPC algorithm is fewer than the reference number of clusters, with some selected cluster centers situated between dense regions, leading to an underestimation of the actual number of clusters. This result shows that the proposed DKPE algorithm can be better applied to datasets with multiple dense regions than the DPC algorithm.

5.4 Parameter Analyses

Next, we investigate the effect of parameter α on the proposed HP-PCM algorithm and its value selection. The datasets A1–A3, Aggregation [45] and Data6 in [46] are used as experimental objects. From Fig. 5a, we can see that Aggregation contains 7 clusters but the size of each cluster is different, so it causes the larger clusters to have more than one high-density point, and the total number of high-density points is 10, lager than the reference number of clusters, 7. That means density-based clustering algorithms may fail in obtaining the optimal number of clusters for an unbalanced dataset. Data6 consists of 918 data points and 5000 noise points. Its reference number of clusters is 9. As shown in Fig. 5b, the number of noises in Data6 is much more than the data points, and the data-intensive areas are not prominent. This data distribution feature is a great challenge for the HP-PCM algorithm to cluster.
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Figure 5: Distribution of Aggregation and Data6. (a) Aggregation. (b) Data6

Fig. 6 shows the influence of the parameter α on the difference between the true number of clusters and the final number of clusters obtained by HP-PCM on each dataset when it changes in the interval [0.1,2]. The difference Cdiff=Ctrue−Cfinal. Cdiff=0 means HP-PCM gets the correct number of clusters. If α takes a value between 0.1 and 0.9, the HP-PCM algorithm is less likely to obtain the ideal Cfinal. When α varies in [1.4,2], the HP-PCM algorithm cannot correctly get the optimal clusters for the A3 dataset. With further comparison, we can find that when the value of α is 1 to 1.3, the proposed HP-PCM algorithm gets all five datasets the correct optimal clusters numbers as Cdiff=0. So, we set α to 1.2 in the previous and next experiments. In addition, the difference in the number of clusters obtained by the HP-PCM algorithm is small throughout the variation, which indicates that the proposed HP-PCM algorithm has a good and stable performance in determining the optimal number of clusters.
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Figure 6: Graphical representation of the difference between the reference number of clusters and the final number of clusters got by HP-PCM on five datasets for various values of α

5.5 Synthetic Datasets

Here, synthetic datasets A1–A3, S1–S4 [47], Dim032 [48], Unbalance [49], Birch1 and Birch2 [50] are used to study the properties of the HP-PCM algorithm and compare with the advanced APCM algorithm and the traditional FCM algorithm. Table 3 summarizes the overall results of HP-PCM, APCM and FCM. We see that the proposed HP-PCM algorithm performs better than the APCM and FCM algorithms on all datasets. On average, the HP-PCM algorithm has 94.94% of success rate which is 2.64% and 18.26% higher than that of the APCM and the FCM algorithm respectively. As can be seen from Table 4, the HP-PCM only failed to obtain the actual clusters on the Birch2 dataset, while the APCM algorithm failed on five datasets which are the S3, S4, Unbalance, Birch1, and Birch2 datasets. We next analyze the results in more detail from two aspects: the size of samples and the number of clusters.
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The A1–A3 datasets have an increasing number of clusters, ranging from 20 to 50. From Table 3, we can see that the values of SR, NMI, and ARI decrease for all three algorithms as the number of clusters increases. Moreover, Fig. 7 demonstrates how the CI-value depends on the size of the data (Fig. 7a), and on the number of clusters (Fig. 7b) for the HP-PCM, APCM, and FCM algorithms. The value of CI fluctuates as the size of the data changes and it seems that there is no clear dependency on the size of the data for the three algorithms. On average, the value of CI for the HP-PCM algorithm is 13.92, compared to 17.54 and 18.29 for the APCM and FCM algorithms, respectively, indicating that HP-PCM performs slightly better. This improved performance of the HP-PCM algorithm can be attributed to its ability to produce a final number of clusters that is closer to, or even equal to, the actual number of clusters, whereas the APCM algorithm consistently identifies fewer clusters across all Birch2 subsets (as shown in Fig. 8a). In general, the values of CI for all algorithms increase almost linearly along with the increasing number of clusters (see Fig. 7b). This suggests that as the number of clusters grows, the difference between the cluster centers obtained by the algorithms and the ground truth centroids also increases. As illustrated in Figs. 7b and 8b, when the number of clusters is less than 24, the HP-PCM algorithm can get correct number of clusters, resulting in a CI value of zero, which matches the ground truth centroids. For the APCM algorithm, when the number of clusters is over 16, it obtains fewer clusters than the actual number, leading to a higher value of CI than that of the HP-PCM algorithm. Overall, increasing the number of clusters will degrade the performance of HP-PCM, APCM, and FCM algorithms.
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Figure 7: Dependency of the values of CI on the size of data (Birch2-random), and on the number of clusters (Birch2-sub)
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Figure 8: Dependency of the number of the final clusters on the size of data (Birch2-random), and on the number of clusters (Birch2-sub)

5.6 UCI Datasets

Next, we compare the clustering results of the proposed HP-PCM algorithm with ten state-of-the-art algorithms: FCM, PCM, PFCM, V-FCM, Silhouette, DPC, APCM, C-PCM, DVPFCM, and fRisk4-bA. The characteristics of the adopted UCI datasets [51] are shown in Table 2. The index values for FCM, PCM, PFCM, V-FCM, APCM, C-PCM, and HP-PCM are the best values after running 20 times.

Tables 6–8 present the performance index values (SR, NMI, XB) obtained by 11 clustering algorithms on the selected machine learning datasets, respectively. The best results are highlighted in bold. Since DPC and Silhouette belong to hard clustering algorithms, they do not have XB values.

Cini and Cfinal in Table 5 represent the initial and final cluster number of a clustering algorithm, respectively.
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Tables 6–8 show that the proposed HP-PCM algorithm outperforms the other comparative algorithms across all evaluation metrics. Table 5 shows that HP-PCM can always obtain the same number of final clusters as the true number of clusters. For the four datasets, Wine, Glass, Image, and Letter, the number of high-density points identified by the DKPE method is higher than the actual number of clusters, especially for the image dataset, where the 24 high-density points are identified compared to the correct number of 4 clusters. However, our proposed HP-PCM algorithm still accurately determines the final number of clusters and ensures that the clustering results are better. This is due to the parameter φ in the HP-PCM algorithm, which regulates the influence of knowledge points, enhancing the guidance provided by true high-density points while diminishing the misleading effects of non-high-density points. As a result, guided by the high-density points, the HP-PCM algorithm can obtain more desirable clustering results.
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Both the fRisk4-bA and Silhouette algorithms determine the optimal number of clusters based on the evaluation index values. fRisk4-bA can accurately obtain the optimal number of clusters (except for the Image dataset), but its SR and NMI values are not higher than those of the other algorithms, and its XB value is not less. This is because fRisk4-bA uses FCM to obtain the clustering results but FCM is sensitive to noises. For the Silhouette algorithm, the main reason for its poorer clustering performance is that it fails to correctly determine the optimal number of clusters.

The final number of clusters obtained by PCM tends to be smaller than the actual number of clusters on the Iris, Wine, Zoo, and Image datasets, likely due to the influence of clustering center uniformity. The knowledge-based clustering algorithms DVPFCM and V-FCM replace one of the final cluster centers with the highest-density point, so their performance is better than that of the FCM, PCM, PFCM algorithms and even better than that of CPCM, and APCM on some datasets. However, their clustering flexibility is constrained by the highest-density point. When the obtained highest-density point is not the true high-density point, DVPFCM and V-FCM may obtain misleading clustering results. Consequently, their clustering performance is not always better than that of the CPCM and APCM algorithms.

To further illustrate the performance improvement of the proposed HP-PCM algorithm, we counted the percentage increase in SR of the HP-PCM algorithm relative to the compared algorithms, as shown in Table 9. From Table 9, we can see that HP-PCM has at most a 137.49% improvement in the clustering success rate. On average, the HP-PCM algorithm can improve SR by 8.44% and up to 60.70% relative to the other algorithms.
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In addition, Fig. 9 counts the number of iterations required for each clustering algorithm on the six used UCI datasets. The fRisk4-bA, DPC, and Silhouette algorithms are not iterative, so they are not considered with this statistic. It can be seen from Fig. 9 that the proposed HP-PCM algorithm requires the fewest iterations, followed by the DVPFCM and V-FCM algorithms. This suggests that the introduction of knowledge hints can help speed up the algorithm convergence.

[image: images]

Figure 9: Average numbers of iteration for the tested algorithms

Table 10 summarizes the average running time of the tested algorithms on the used UCI datasets. It is evident that the Silhouette and fRisk4bA algorithms are the slowest among all algorithms. This slow performance highlights the significant time requirements for determining the number of clusters and analyzing dataset structure using clustering indices. In contrast, the HP-PCM algorithm shows markedly better time efficiency compared to other algorithms designed for identifying the optimal number of clusters, including Silhouette, APCM, and fRisk4-bA.
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Overall, HP-PCM is the best in terms of various performance indices and the required number of iterations.

5.7 Ablation Study

Comparing the above clustering results of the proposed HP-PCM algorithm and the APCM algorithm, we can observe that high-density points help the algorithm to determine the final number of clusters more accurately and efficiently. To reveal the impact of high-density points on the adaptive determination of the number of clusters, we designed four algorithms and compared their performance. The first algorithm, denoted as Ablation 1, replaces high-density points with a randomly sampled set of points from the dataset. The second algorithm, denoted as Ablation 2, obtains high-density points from the DPC algorithm. The third algorithm, denoted as Ablation 3, is our proposed HP-PCM algorithm, which uses high-density points provided by the DKPE algorithm. The results of these three algorithms on the six UCI datasets are shown in Table 11. Table 11 demonstrates that Ablation 3, the HP-PCM algorithm, outperforms Ablation 2 and Ablation 1 in terms of SR and NMI across all UCI datasets. Furthermore, Ablation 2 outperforms Ablation 1 on five out six datasets with respect to SR and NMI. In conclusion, the ablation experimental results clearly indicate that high-density points play a crucial role in enhancing the accuracy and efficiency of clustering algorithms.
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6  Conclusion

In this study, we propose a novel knowledge-driven clustering algorithm called the HP-PCM algorithm. First, the DKPE method is proposed to obtain P data points with higher density. Then, these high-density points are added to the objective function of PCM to construct a new function, which is the HP-PCM algorithm objective function. In the HP-PCM algorithm, the high-density points serve as guides, rather than deciders, facilitating the algorithm to find dense regions within the dataset. Furthermore, the proposed HP-PCM algorithm can automatically and accurately determine the final number of clusters by employing the cluster merging mechanisms. Finally, compared with 10 existing clustering algorithms on different datasets, the experimental results show that our proposed HP-PCM algorithm is better at determining the initial number of clusters, getting the success rate of clustering, and obtaining the optimal number of clusters. By comparing the number of iterations, it is shown that the knowledge-driven clustering algorithms DVPFCM, V-FCM, and our proposed HP-PCM algorithms have fewer iterations, which fully shows that the high-density points help speed up the algorithm convergence.

Our future work will focus on the extension of HP-PCM to cluster the datasets with irregular shapes. Moreover, it would be helpful to combine fuzzy clustering with fuzzy inference [52].
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Table 3: Results of HP-PCM, APCM and FCM on synthetic datasets

Datasets Indices HP-PCM APCM FCM
Al SR 0.9953 0.9844 0.8560
NMI 0.9923 0.9884 0.9469
ARI 0.9903 0.9820 0.8138
A2 SR 0.9945 0.9722 0.7917
NMI 0.9920 0.9898 0.9403
ARI 0.9889 0.9823 0.8355
A3 SR 0.9913 0.9686 0.7373
NMI 0.9900 0.9887 0.9358
ARI 0.9826 0.9621 0.8032
S1 SR 0.9938 0.9932 0.9114
NMI 0.9867 0.9853 0.9630
ARI 0.9868 0.9854 0.9071
S2 SR 0.9718 0.9710 0.9340
NMI 0.9491 0.9475 0.9334
ARI 0.9415 0.9399 0.9057
S3 SR 0.8608 0.8488 0.7554
NMI 0.8012 0.7983 0.7566
ARI 0.7359 0.7327 0.6421
S4 SR 0.8048 0.7998 0.7114
NMI 0.7264 0.7227 0.7114
ARI 0.6452 0.6357 0.6186
Dim032 SR 1.0000 0.9919 0.9788
NMI 1.0000 0.9967 0.9924
ARI 1.0000 0.9890 0.9744
Unbalance SR 0.9836 0.9398 0.6663
NMI 0.9907 0.9343 0.9766
ARI 0.9995 0.9639 0.8063
Birchl SR 0.9635 0.9297 0.8021
NMI 0.9739 0.9641 0.9240
ARI 0.9385 0.8939 0.7886
Birch2 SR 0.8846 0.7746 0.6180
NMI 0.9716 0.9505 0.9322
ARI 0.8416 0.7878 0.7745
Average SR 0.9494 0.9249 0.8028
NMI 0.9431 0.9333 0.9011
ARI 0.9137 0.8959 0.8063
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Table 8: XB of each algorithm on UCI datasets

Algorithm Iris Glass Image Wine Zoo Letter
HP-PCM 0.0554 0.0587 0.2277 0.0036 0.0235 0.0094
DVPFCM 0.3138 0.3209 0.5492 0.3209 0.6655 0.3209
V-FCM 0.2894 0.3990 0.3153 0.4410 0.3641 0.4535
fRisk4-bA 0.2536 1.5939 0.6927 0.5497 0.4580 0.7527
C-PCM 0.3380 0.5254 0.5607 0.4816 0.7955 0.3006
APCM 0.9214 0.0632 0.5099 0.0122 0.0870 0.2446
PFCM 0.5340 1.1242 1.4935 0.3801 54.60 1.6072
PCM 15.982 469.27 199.90 1.4064 30.10 271.67

FCM 0.5768 1.7865 1.7790 0.7862 0.3563 0.8040
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Table 4: Initial and final number of clusters of the HP-PCM and APCM algorithms

Dataset HP-PCM APCM
Cii Chna Ciui Chna

Al 40 20 40 20
A2 70 35 70 35
A3 100 50 100 50
S1 30 15 30 15
S2 30 15 30 15
S3 30 15 30 14
S4 30 15 30 14
Dim32 32 16 32 16
Unbalance 16 8 16 7
Birchl 200 100 200 96

Birch2 200 99 200 90
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Table 9: Percentage increase in SR of HP-PCM

Algorithm Iris Wine Glass Z.00 Image Letter Average
DVPFCM 6.77 4.19 12.37 21.33 09.39 17.29 11.89
V-FCM 5.98 8.74 12.69 13.75 11.41 18.18 11.79
fRisk4-bA 15.45 9.43 25.29 16.39 80.47 32.89 29.99
CPCM 6.77 1.16 10.35 30.00 09.14 11.42 11.47
APCM 4.41 0.58 21.07 07.07 06.96 10.52 8.44
DPC 0.71 53.99 22.73 15.19 30.30 26.43 24.89
PFCM 8.40 9.43 18.06 26.40 55.57 27.39 24.21
PCM 42.00 14.47 54.21 71.68 137.49 44.33 60.70
FCM 19.10 12.25 14.66 13.75 07.71 35.92 17.23
Silhouette 42.00 48.71 21.60 15.19 74.82 22.60 37.48
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Table 7: NMI of each algorithm on UCI datasets

Algorithm Iris Glass Image Wine Zoo Letter
HP-PCM 0.8322 0.4696 0.6486 0.9016 0.8895 0.5067
DVPFCM 0.7615 0.3745 0.5819 0.7878 0.8122 0.3176
V-FCM 0.7496 0.3618 0.5073 0.7082 0.8022 0.3155
fRisk4-bA 0.6552 0.3236 0.4851 0.6947 0.6897 0.2360
C-PCM 0.7419 0.3832 0.5711 0.8759 0.7130 0.3739
APCM 0.8057 0.3586 0.6056 0.8750 0.8290 0.4228
DPC 0.9400 0.2813 0.5025 0.6102 0.7514 0.3716
PFCM 0.8244 0.3029 0.3857 0.6983 0.7169 0.3163
PCM 0.6667 0.0474 0.3648 0.6506 0.5719 0.2442
FCM 0.7333 0.3602 0.5163 0.6697 0.7822 0.2582

Silhouette 0.6667 0.3411 0.3798 0.4232 0.7427 0.3589
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Algorithm 1: [G, C,,] = DKPE(X)

1
2
3
4:
5:
6
7
8
9

:Set K = [\/ﬁ],

:for j=1 toN do

Use KD-tree to search KNN(x;);
Calculate p; using (3);

Calculate §, using (4);

:end

: Draw decision figure p — §;

.

: Return G, C,,
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Table 11: Ablation study of the proposed algorithm on six UCI datasets

Dataset SR NMI
Ablation 1 Ablation 2 Ablation 3 Ablation 1 Ablation 2 Ablation 3

Iris 0.6667 0.9116 0.9467 0.6623 0.7634 0.8322
Wine 0.9213 0.9270 0.9775 0.7963 0.8011 0.9016
Glass 0.4554 0.4883 0.5647 0.3684 0.4350 0.4696
700 0.6949 0.7797 0.9010 0.7011 0.7642 0.8895
Image 0.4358 0.3322 0.6652 0.4116 0.3645 0.6486
Letter 0.0817 0.0613 0.6554 0.0660 0.0468 0.5067
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Table 1: Results on the dataset D1 for DKPE and DPC

Method DKPE

K 13 23 33 43

d 0.1508 0.1525 0.1340 0.1340

1D 674, 1033, 1147 596, 1044, 1147 417,1044, 1136 417,1044, 1136
CN 1,2,3 1,2,3 1,2,3 1,2,3

Method DPC

r(%0) 1.0 1.5 2.0 2.5

d 3.1204 3.1204 3.2796 3.2796

ID 8, 188, 551 8, 188, 551 188, 551, 1065 188, 551, 1065
CN 1,1,1 1,1,1 1,1,2 1,1,2

Note: ID is the selected data number; CN is the cluster label of the selected data.
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Table 6: SR of each algorithm on UCI datasets

Algorithm Iris Glass Image Wine Zoo Letter
HP-PCM 0.9467 0.5647 0.6652 0.9775 0.9010 0.6554
DVPFCM 0.8867 0.5025 0.6081 0.9362 0.7426 0.5588
V-FCM 0.8933 0.5011 0.5971 0.8989 0.7921 0.5546
fRisk4-bA 0.8200 0.4507 0.3686 0.8933 0.7129 0.4932
C-PCM 0.8867 0.5117 0.6095 0.9663 0.6931 0.5882
APCM 0.9067 0.4664 0.6219 0.9719 0.8415 0.5930
DPC 0.9400 0.4601 0.5105 0.6348 0.7822 0.5184
PFCM 0.8733 0.4783 0.4276 0.8933 0.7128 0.5145
PCM 0.6667 0.3662 0.2810 0.8539 0.5248 0.4541
FCM 0.7333 0.4929 0.6176 0.8708 0.7921 0.4822

Silhouette 0.6667 0.4644 0.3805 0.6573 0.7822 0.5346
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Algorithm 2: [V, U, C;,,] = HP — PCM(X, «, ¢)

1: Sett = 0;
2:[G, C,;] = DKPE(X);
3: Set C(O) = C,-,,,-;

4: [V, UFM™] = FCM(X, C?,m = 2.0);
5: Calculate n¥ = [n],__co using (7);
6: Repeat
7. Calculate ¢“s by V' using (11);
8:  Calculate U” by n® and V' using (9);
9:  Calculate V™Y by U® using (10);
= Possible cluster elimination

10: Foreach j e [1, N] do
11: ul) = max_,  cou;
12: label () =c¢
13: End for
14:  number = 0; //number of removed clusters
15: Foreach i €[1,C"] do
16: If i ¢ label then
17: Remove v, and renumber accordingly V' and the columns of U;
18: number = number + 1;
19: End if
20: End for
21: C"Y = CY — number;

= Adaptation of n
22: Update n“*" using (12);
23: Set t=1t+1;
24: Until || VO — VY |< g;
25: Cﬁnal =C"
26: Return V', U“", Cpu;
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Table 2: Summary of the experimental datasets

No. Name Samples Features Classes
D1 Al 3000 2 20
D2 A2 5250 2 35
D3 A3 7500 2 50
D4 Aggregation 788 2 7
D5 Data6 5918 2 9
D6 S1 5000 2 15
D7 S2 5000 2 15
D8 S3 5000 2 15
D9 S4 5000 2 15
D10 Dim032 1024 32 16
D11 Unbalance 6500 2 8
D12 Birchl 100,000 2 100
D13 Birch2 100,000 2 100
D14 Iris 150 4 3
D15 Wine 178 13 3
D16 Glass 213 9 6
D17 Zoo 569 17 7
D18 Image 2100 19 7
D19 Letter 3096 16 4
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Table 10: Average time cost of the tested algorithms (s)

Algorithm  Iris Wine Glass 700 Image Letter Average rank
HP-PCM 0.0237  0.0489  0.0324  0.0130  0.0340 1.4400 43
DVPFCM  0.0390  0.0440  0.0110  0.0265 1.2431 13.479 6.3
V-FCM 0.0183  0.0159  0.0254  0.0119  0.2180 29702 3.8
fRisk4-bA  0.5316  0.6755 1.1294  0.2151 47.9498 45451 10.0
CPCM 0.0201 0.0349  0.0237  0.0060  0.4543 6.1308 4.7
APCM 0.0853  0.2732  0.1206  0.0403 1.1450 8.0768 7.8
PFCM 0.0016  0.0008  0.0264  0.0606  0.2312 3.0029 48
PCM 0.0004  0.0006  0.0005  0.0007 0.1878 3.1391 22
FCM 0.0006  0.0005  0.0036  0.0155  0.0958 2.7559 23
Silhouette 0.1915  0.0835  0.0969  0.0652  1.6773 27.901 8.7
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Table 5: C,, and C,,, of each algorithm on UCI datasets

. Iris Glass Image Wine Z.00 Letter

Algorithm
Cii Cﬁnal Cii Cﬁnal Cii Cﬁnal Cii Cﬁnal! Cii Cﬁnal Cii Cﬁnal

HP-PCM 6 3 10 6 18 7 8 3 14 7 24 4
DVPFCM 3 3 6 6 7 7 3 3 7 7 4 4
V-FCM 3 3 6 7 7 3 3 7 4 4
fRisk4-bA - 3 — 6 — 3 — 3 — 7 — 4
C-PCM 3 3 6 6 7 7 3 3 7 5 4 4
APCM 6 3 18 5 14 7 8 3 14 7 8 4
DPC — 3 — 4 — 5 — 2 — 5 — 4
PFCM 3 3 6 6 7 7 3 3 7 7 4 4
PCM 3 2 6 3 7 4 3 2 7 4 4 4
FCM 3 3 6 6 7 7 3 3 7 7 4 4
Silhouette  — 2 - 5 - 5 — 2 — 5 — 4
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