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Abstract: As one of the most important commodity futures, the price forecasting of natural gas futures is of great significance for hedging and risk aversion. This paper mainly focuses on natural gas futures pricing which considers seasonality fluctuations. In order to study this issue, we propose a modified approach called six-factor model, in which the influence of seasonal fluctuations are eliminated in every random factor. Using Monte Carlo method, we first assess and comparative analyze the fitting ability of three-factor model and six-factor model for the out of sample data. It is found that six-factor model has better performance than three-factor model and natural gas futures prices is strongly influenced by winter effect. We then apply the proposed model to predict the price of natural gas futures in the year 2019. It is found that natural gas prices have a weak upward trend in the coming year and are relatively volatile in winter.
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1  Introduction

Commodity futures are taking increasingly important place in the world derivatives market. Natural gas is one of the most vital commodity futures, its trading volume ranks second in energy futures, only behind oil. Natural gas is mainly used as fuel, and accounts for a quarter of the residential daily fuel consumptions in the United States. Recently, the technical progress on shale gas also promotes the development of natural gas.

As a clean energy, natural gas is playing an important role in the transition from traditional energy to low-carbon energy. The development of natural gas has stimulated the investment demand for natural gas futures from investors and risk hedgers. Therefore, price forecasting of natural gas futures is of great significance for investment decision making. However, this topic has not got much concern in the literature. Previous studies often focus on the pricing issues of the general commodity futures.

The research on commodity futures pricing derives from the topic on general financial derivatives. Before the 1980s, scholars generally believed that the price of the underlying asset was the only stochastic factor for the pricing of financial derivatives. When pricing commodity futures, it was generally considered spot price was the only uncertainty, which is one-factor model. Until Brennan [1] first pointed out the significance of convenience yield in futures pricing, more factors began to be considered to add into commodity pricing models. Gibson et al. [2] proposed a well-known two-factor model in the study of crude oil futures. Spot price and convenience yield are two stochastic factors for crude oil futures pricing. The model was later widely used to study the pricing of general commodity futures. Subsequently, Schwartz [3] proposed a three-factor model and applied it to the pricing of crude oil, gold and copper futures. The model added a stochastic risk-free interest rate based on the two-factor model. Miltersen et al. [4] made further developments on the three-factor model.

Many subsequent studies have focused on investigating the impact of random convenience returns or the jump diffusion process of commodity prices. For example, Casassus et al. [5] regarded convenience yield as a dependence of spot price and risk-free interest rate, and proposed a three-factor model that considered time-varying risk premium. Liu et al. [6] modeled the volatility of the convenience yield related to its level, and the pricing problem of commodity futures was reconsidered. In addition to providing a convenient rate of return, there are some documents that add a mechanism conversion framework to the pricing model. The underlying idea of this framework is that one or more stochastic factors in the model are not in a state balance, but randomly switch in several regimes. One-factor regime switching model was proposed by Chen and Forsyth [7], in which the only uncertainty is the risk-adjusted spot price. Chen [8] and Lammerding et al. [9] considered the regime switching framework when pricing oil commodity. Almansour [10] provided the framework in the classic two-factor model, further proposed a theoretically stronger two-factor regime switching model. There are also some documents that mainly focus on commodity futures prices volatility or jumps [11–24].

In the past, natural gas was priced based on crude oil price benchmarks through a simple pricing mechanism called oil index [25]. United States has established a hub pricing mechanism for decades, and its natural gas prices have remained highly correlated with oil prices until recent years. A large amount of literature has studied the relationship between these two important energy futures prices [26–29].

However, the U.S. shale gas revolution promoted the decoupling of natural gas prices and oil price indices [30]. Instead of oil price, the supply and demand situation in the market has gradually become the main factor affecting natural gas prices [31,32]. Natural gas has fuel properties and its low density makes it difficult to store and transport, thus the supply and demand situation is extremely susceptible to seasonal fluctuations. The price will be high due to the large demand in winter and in summer it’s the other way around. How to eliminate the influence of seasonal fluctuations on prices has become an important issue for studying natural gas futures pricing.

Extensive literatures have studied the impact of seasonal fluctuations on commodity futures prices. Lucía et al. [33] provided an important contribution to solving the seasonal behavior embedded in commodity prices. A seasonal element characterized by a deterministic trigonometric function is added to the spot price process. Cartea et al. [34] extended this single-factor pricing model, using a five-order Fourier series to simulate the movement of seasonal elements.

The deterministic norm may be a good fit for seasonal fluctuations, but to study the price of commodity futures, a better way is to incorporate it into the movement of spot prices and convenience returns. Amin et al. [35] provided a one-factor model, in which the only uncertainty was spot price, and seasonal fluctuation was incorporated into the process of spot price. Then Borovkova and Geman [36] proposed a two-factor model, in which the expected spot price and convenient yield are treaded as two stochastic factors. The model also considered the seasonal premium in convenience yield. Furthermore, Garcia et al. [37] proposed a four-factor model in which seasonal fluctuation was a single uncertainty, and implied in process of other uncertainties. Mirantes et al. [38] eliminated the randomness of four-factor model, thereby simplifying the four-factor model into a three-factor model.

In this paper, we eliminate seasonal fluctuations from the processes of natural gas spot prices, convenience returns, and risk-free interest rates, and propose a six-factor model. Different from previous studies, the proposed six-factor model focuses on not only the seasonal behavior of the convenient yield, but also the seasonal fluctuations of spot prices and risk-free interest rates, which received less attention in previous studies. In the proposed model, spot price, convenience yield and risk-free interest rate all show seasonal fluctuations. It allows us investigate the general trend and irregular variation of the above three factors after getting rid of seasonal fluctuations from them.

This paper contributes to the literature in the following three aspects. First, a six-factor model for natural gas futures pricing is proposed. Different from previous approaches, the proposed model considers the seasonal behavior of natural gas spot price, convenient yield and risk-free interest rate simultaneously. Second, we apply the Monte Carlo method to study natural gas futures pricing issues. Monte Carlo method is mainly used for pricing of options, and can also be used for general financial derivatives pricing. But to the best of our knowledge, this method has not been used to measure the pricing deviation of natural gas pricing model. The fitting results show that the winter impact of natural gas futures prices is very strong, which is caused by the large demand for natural gas in winter and sometimes shortages. Third, we provide natural gas futures price forecasts for a specific period in the future. The forecast deviation for periods other than winter can be controlled within 5%. In winter, this range is 8%.

The remainder of this paper is organized as follows. Second 2 lists the definitions of variables in the paper. Section 3 introduces the research methods used in this paper, and propose a modified six-factor model. Section 4 evaluates the fitting ability of the basic model and the proposed model for natural gas futures pricing. In Section 5, we apply the proposed model to predict the futures price of natural gas in the coming year. Conclusions and recommendations are given in Section 6.

2  Notation

The model formulation follows conventions and notation from Schwartz [3]. We provide the formulation by initially defining relevant parameters and variables, and then providing continuous and discrete motion functions for random factors.

S: spot price, measured by the futures price matured in one month

X: logarithm of spot price

cy: instantaneous convenience yield

r: risk free interest rate

F: futures price

[image: images]: mean of spot price

[image: images]: mean of instantaneous convenience yield

[image: images]: mean of risk free interest rate

[image: images]: standard deviation of spot price

[image: images]: standard deviation of instantaneous convenience yield

[image: images]: standard deviation of risk free interest rate

t: time stage

dz, dw: Standard Brown Motion

[image: images], h: rate of return to mean

[image: images]: correlation coefficient

[image: images], υ, ω, ς: random term

a: intercept

b: coefficient

TC: total trend factor

SF: seasonal trend factor

IR: irregular variation factor

[image: images]: change

i: ordinal number of future month or week

j: term of futures

[image: images]: futures price prediction

[image: images]: futures price actual value

[image: images]: relative deviation

M: month

3  Methodology

In this part, we first introduce the classic three-factor model of commodity futures pricing. Then, after additive decomposition of the three-factor model, we propose a six-factor model, in which the uncertainties are six decomposition factors. As for seasonal trend factors, we assume they are constant in a relatively short term. Finally, we introduce the Monte Carlo method which will be used to simulate the natural gas futures price.

3.1 The Three-Factor Model

The three-factor model is proposed by Schwartz [3] in the study of oil futures pricing issues. The model believes that there are three factors that determine the futures price, i.e., spot price, convenient yield and risk-free interest rate. The spot price is subject to the generalized Wiener process, and the convenient yield and risk-free rate follow the trend of the mean return. Therefore the three-factor model can be expressed as:
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where, [image: images] and [image: images] denote the long-term average values of dS/S, dcy, and dr, respectively. [image: images], [image: images] and [image: images] denote the standard deviations of S, cy, and r, respectively. κ and h are, respectively, the speed of adjustment coefficient of the convenience yield process and the risk-free interest rate process. [image: images], [image: images] and [image: images] are three Generalized Wiener Processes with correlation, have a ternary joint normal distribution, and the correlation coefficients between every two of them are [image: images], [image: images] and [image: images], respectively.

In particular, the assumption that the spot price return is subject to the generalized wiener process means the probability distribution of the spot price is a normal distribution. However, in the actual literatures, the logarithmic spot price is often closer to the normal distribution than the spot price, so the spot price is logarithmized in this paper. Eq. (1) is transformed into the following form:
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In order to estimate the parameters of the model, the above partial differential Eqs. (5), (2) and (3) can be transformed into discrete forms:
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Using the least squares regression and the seemingly uncorrelated regression, the parameter estimation results of the above model can be obtained.

3.2 The Six-Factor Model

Due to the strong seasonal fluctuations in natural gas spot price and convenience yield, we suspect that the pricing ability of three-factor model will show relatively weak power when pricing natural gas futures. In this part, we extract seasonal factors from the above three factors and propose a six-factor model.

Note, in the United States, risk-free rates are considered to have no seasonal effects [39], and it seems unreasonable to extract seasonal trends in risk-free rates. In fact, the risk-free interest rate in this paper is not the interest rate on bank deposits, but the short-term T-bills yield, which has been proven to have a seasonal effect [40]. Therefore, it is reasonable and necessary to extract seasonal trends in risk-free interest rates in this paper.

The method is to convert each factor in the three-factor model into three additive sub-factors: Total trend factor (TC), seasonal trend factor (SF), and irregular variation factor (IR). This relationship can be expressed as:
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In this model, there are nine uncertainties in total, for convenience, seasonal trend factors are assumed to be constant, i.e., the number of random factors in the model are six, so we call it the six-factor model.

Be similar to the theory of the three-factor model, the six-factor model can be expressed as:
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where, [image: images] denotes the speed of adjustment coefficient recovery to the long-term mean, [image: images] denotes the long-term mean, and [image: images] denotes the standard deviation. [image: images] yields the standard Brownian process. The six factors in the vector have a six-member joint normal distribution. The correlation coefficient between the factors can be expressed as [image: images], [image: images].

The discretization form is:
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3.3 Monte Carlo Method

Monte Carlo method, also known as the statistical simulation method, was proposed in the mid-1940s. It can help us simulate the path of all factors.

The basic idea of the Monte Carlo method is: When the problem to be solved is the probability of an event, or the expected value of a random variable, they can obtain the frequency of such events by some “experimental” method, or the average of this random variable, and use them as the solution to the problem. The Monte Carlo method uses mathematical methods to simulate by capturing the geometric quantity and geometric characteristics of things, that is, performing a digital simulation experiment. It is based on a probabilistic model, and according to the process described by this model, the results of simulation experiments are used as approximate solutions to the problem.

The application process of Monte Carlo can be summarized into three main steps: Constructing or describing the probability process; implementing sampling from a known probability distribution; and establishing various estimators.

The model described above is essentially a probability model. All the random variables in the model yield the standard normal distribution (see Tab. 1). This achieves the basic conditions for using Monte Carlo simulation experiments. Python can help us generate random numbers in the standard normal distribution as one sampling of the random variable, and take the average of multiple samples as the simulated value of the random variable. Then, the above model becomes a multivariate equation without random variables.

Taking the three-factor model as an example, based on the parameter estimation, the increment of each factor can be obtained by the above method, which can be expressed as:
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after recursion, we can get the path of three factors:
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suppose that the last data of [image: images], [image: images] and r in the sample period are [image: images], [image: images] and [image: images] respectively. [image: images], [image: images] and [image: images] represent the data of the i-th week after the sample period. After recursion, we can get:
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Similarly, the value of each factor in the six-factor model at the i-th month can be expressed as:
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and then
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Further, the predicted value of the natural gas futures price can be calculated by the pricing formula [image: images]. Let the predicted value be [image: images], then the forecast value of the futures price of the three-factor model in the i-th period of the forecast period is:

[image: images]

The forecast value of the futures price of the six-factor model for the i-month period j in the forecast period is:

[image: images]

If the true value of the futures price is [image: images], the index [image: images] can be constructed to measure the degree of deviation of the predicted value from the true value, and [image: images]is expressed as:

[image: images]

By comparing the [image: images] of the two models out of sample, the ability of the two models to predict the price of natural gas futures can be analyzed and evaluated.

4  Capability Assessment of Models in Natural Gas Pricing

4.1 Data

The data used in this paper include the closing price of natural gas futures on the New York Mercantile Exchange (NYMEX) and the yield of US March Treasury bills. Due to the impact of the US shale gas revolution, the price of natural gas in the United States varies greatly after 2010. Therefore, the data in this paper will start from January 7, 2011 to April 26, 2019, the frequency of all data is week.

Due to the great time span of the sample, which exceeds the longest period of futures contracts traded on the exchange, we are unable to track the continuous price changes of all futures contracts during this period. Fortunately, since future contracts are standardized, we can ignore the contract itself, and focus only on the price change among contracts with same expiration date. Assume that the futures price due in recent month is [image: images], the futures price due in the next consecutive month is [image: images], the futures price due in three consecutive months is [image: images], and so on. The data used in this paper include [image: images], [image: images], [image: images], [image: images], [image: images] and [image: images], where [image: images] is equal to the spot price S.

Like any other commodity futures, natural gas futures do not have real spot prices and instantaneous convenience yields, so we use the price of futures contracts expire in recent months as spot prices. Based on futures due in recent month and near maturity, instantaneous convenience yield can be calculated using the method of Gibson et al. [1]: [image: images], in which [image: images] is the annualized convenient yield rate at time i, [image: images] is the annualized risk-free rate at time i, [image: images] and [image: images] represent futures expired in two months and one month respectively. Due to the lack of spot prices, we use this approximation to calculate instantaneous convenience yields. Risk-free interest rates are measured using US March Treasury yields.

Fig. 1 shows the change in spot price S, logarithmic spot price X, instantaneous convenience yield cy, and risk-free interest rate r over time in seven years. It can be seen that before 2015, the convenience rate and risk-free rate both have a tendency towards to the long-term average, but in recent two years, they began to show an upward trend. Compare with them, there is no obvious trend in the development of spot prices during the sample period. It can be considered as random walk. Nielsen and Schwartz [41] pointed out that there is a negative correlation between inventory levels and convenience yields. The lower the inventory level, the greater the potential gains that spot holders may receive, and the higher the convenience yield. The development of sequences and convenience yield sequences is consistent with the conclusion of inventory theory.

Thus, we divide the samples into two subsamples of varying lengths at the end of 2015, and report the main descriptive statistics for the above four variables in the total sample and the two subsamples in Tab. 1. It can be seen that for the two variables of convenience yield and risk-free interest rate, they obviously have larger mean and larger standard deviation in the second sub-sample period, and are also closer to the normal distribution. Difference between the mean and standard deviation of the spot price is not obvious in the two subsamples. Since the price S is converted to the logarithmic price X, the difference is further narrowed.

Since the convenience yield and risk-free interest rate cannot always follow the upward trend since 2016, from the whole sample period, we approximate that they generally obey the trend of returning to the long-term average. In summary, the development trend of the three factors of spot price, convenient yield and risk-free interest rate is in line with Schwartz’s [3] assumption that the three-factor model is used to price general commodity futures.

[image: images]

Figure 1: Evolution of S, X, cy and r

Table 1: Descriptive statistics

[image: images]

In order to verify the rationality of the six-factor model, it is necessary to demonstrate the seasonally adjusted sequence of factors. Before the seasonal adjustment, the weekly data need to be converted into monthly data. Our approach is to use the average of the weekly Data for each month as the data for that month. Fig. 2 shows the development of three factors in the sample period respectively.

[image: images]

Figure 2: Evolution of three factors. (a) Trend-cycle, (b) seasonal factors and (c) irregular component

It can be seen that the three sequences have significant periodic seasonal fluctuations. The cycle of the fluctuation is one year, and the value of the seasonal trend is almost equal in the same month in two consecutive years. Therefore, it is reasonable to use the seasonal trend value of each month in the last year of the sample as the seasonal trend value of the corresponding month outside the sample. In addition, the irregular changes of the three factors obviously trend to return to their long-term mean, but the mean of each factor is different. As for the general trend, it is basically the same shape as the original sequence, but with less subtle fluctuations. In general, we can assume that all the general trend factors and irregular change factors have a tendency to respond to the mean.

4.2 Estimation of Parameters

Using least squares regression and seemingly uncorrelated regression methods (Appendix A), the estimation results of all parameters in the three-factor model can be obtained according to Eqs. (6–8). We report these results in Tab. 2.

Table 2: Parameter estimation results of three-factor model

[image: images]

Obviously, although [image: images] is larger than [image: images] and [image: images], it is too small comparing with the estimated values in Schwartz [3]. In addition, during the total sample period, the estimates of κ and h are significantly different from zero, indicating that the convenience yield and the risk-free rate do have a tendency to respond to the mean, which supports our previous assumptions. The values of [image: images] and h[image: images] are relatively small, and are not significantly different from 0, indicating that there are almost no fixed effects in the two discretization models (7) and (8).

Similarly, we report the parameter estimation results for the six-factor model in Tab. 3.

Table 3: Parameter estimation results of six-factor model

[image: images]

4.3 Comparison between Three-Factor Model and Six-Factor Model

With the results of the above parameter estimation, we then use the three-factor model and the six-factor model to predict the natural gas futures prices out of sample, and use the index [image: images] to evaluate the predictive power of the two models. The results of the assessment are shown in Tab. 4. And please see Appendix A for more detail.

Table 4: Fitting bias of three-factor model and six-factor model

[image: images]

It can be seen that the relative deviations of the simulation results of the two models are 8.4% and 6.9%, respectively–the latter is smaller than the former, but the difference is small. Getting rid of Oct. Nov. and Dec., the values change to 10.26% and 5.07%, respectively–the former become larger, indicating that the fitting effect of the winter months is even better than the average monthly fit; The latter is further reduced to about 5%, indicating that after the three months of elimination, the overall effect of the fitting becomes better, and significantly better than the fitting effect of the three-factor model.

Comparing the standard deviations of two models, in general, the standard deviation of the prediction bias of the six-factor model is about 1/3 smaller than that of the three-factor model, and after elimination the winter months when the two models The poorly fitted, the gap has widened further and has become about 2/3. This shows that the six-factor model is more stable than the three-factor model.

It also can be seen that there is a large difference in the proportion of prediction errors between the two models. The greater than 10% proportion of the deviation between the predicted result of the three-factor model is 48.4%, and the value of six factor model is 18.1%. After excluding the winter months, the proportions are reduced to 34.6% and 9.3%, respectively. Obviously, the proportion of the larger prediction bias of the six-factor model is significantly smaller than that of the three-factor model, especially after the winter months are removed, making the possibility of the model causing extreme losses to investors becoming smaller.

Fig. 3a shows the tendency of the three-factor model’s prediction bias for [image: images], [image: images], and [image: images] in different months. It is found that for these three futures contracts, the forecast deviation is less different every month. Except for Oct. Nov. and Dec., the forecast deviation is basically less than 10%. Fig. 3b shows the development of the prediction bias of the six-factor model for [image: images], [image: images], and [image: images] in different months. Compared with Fig. 3a, the trend of the curve is basically the same, and in the winter months, the prediction bias of the model is still very large, indicating that we have not significantly improved the seasonal adjustment of the model in the winter months.

[image: images]

Figure 3: Fitting results for [image: images],[image: images], [image: images]. (a) Three-factor model and (b) six-factor model

Fig. 4 shows the fitting effects of the three-factor model and the six-factor model on [image: images], [image: images], and [image: images]. It shows that when the term of the futures contract becomes longer, the predicted deviation of the model has no obvious trend, but becomes a fluctuation within a certain range. The difference is that the range of relative deviation fluctuations of the six-factor model is smaller than the three-factor model in each period, especially [image: images] and [image: images]—the former are below 8%, and the latter are all within 12%. It shows that for longer-term contracts, the predictive power of the six-factor model is greatly improved compared with the three-factor model.

[image: images]

Figure 4: Fitting results for [image: images],[image: images], [image: images]. (a) Three-factor model and (b) six-factor model

In summary, after seasonal adjustment of the three-factor model, the model’s ability to predict natural gas futures prices has been significantly improved, and it has become more stable. Therefore, for natural gas futures, the six-factor model perform better than the three-factor model.

5  Natural Gas Futures Price Forecast

According to the above analysis, the relative deviation of natural gas futures price can be controlled in a lower level of about 5% (except in winter) by adopting six-factor model. In this section, we will use the six-factor model to predict the price of natural gas futures contracts from May 2019 to April 2020 (Based on historical data, prices can be predicted in any period. We need to reestimate the parameters in the model based on the latest historical data in that case.).

We first add the off-sample data to the sample and updated the model’s parameters and the initial values used for the prediction. We report the updated parameter estimates in Tab. 5, and report the projected prices for monthly natural gas futures contracts in Tab. 6.

Table 5: Updated parameter estimation results

[image: images]

Table 6: The predicted price of [image: images]-[image: images] per month for the coming year

[image: images]

Tab. 6 shows the forecast values. It is should be noticed that the test results out of sample show that although the changed model improves the forecasting ability in the winter months, the predicted deviation is still large, and the actual price in winter is always higher than the price predicted by the model. Therefore, the forecast results for the three months of October, November and December in Tab. 6 should be lower than the actual values.

Fig. 5 shows the trend of prices for each term contract in different months. It can be seen that before October, the price of the contract has a rise trend to rise over time, and after reaching the highest value in October and November, there is a downward trend. In February of the second year, there was an upward trend. Considering the performance of the model outside the sample, in the winter months, the results of the fitting tend to be smaller than the actual value. Therefore, the actual price fluctuation of [image: images] should be more strong than the curve in Fig. 5.

The futures prices of each term have a strong rise trend. Compared with them, the trend of spot prices is less obvious, but our price prediction for each month can provide investors with a reference. Even this reference might be more useful.

[image: images]

Figure 5: Prices of [image: images]- [image: images] in different months

[image: images]

Figure 6: Monthly contract price for different terms

Fig. 6 shows the trend of contract prices as the contract period increases each month. In general, the trend of contract price increase with the term is consistent in each month, that is, the contract price decreases with the increase of the term before 3 months, from the [image: images] to the [image: images] price. After reaching the highest value, it began to drop sharply and began to rise slightly to [image: images].

6  Conclusions and Policy Recommendations

In the next 20 years, natural gas will become more and more important in the use of energy because it is the most important energy source for the transition of fossil energy to clean energy. Studying the pricing rules of natural gas market and natural gas futures is the focus of this paper.

Natural gas future is a special commodity futures. The pricing law of natural gas is different from that of general commodity futures due to its obvious characteristic of seasonal variation. Thus, the classic three-factor model will leads to significant deviation when used for natural gas futures pricing.

Given the characteristic of natural gas futures, we developed a six-factor model with seasonal adjustment based on the three-factor model. Each factor in three-factor model of Schwartz [1] is decomposed into three sub-factors: general trend factor, seasonal trend factor and irregular change factor. Monte Carlo simulation method is introduced to compare the predictive performance of the six-factor model with the three-factor model. The results show that: (1) The prediction bias of the six-factor model is smaller than that of three-factor model remarkably with an average deviation of only 6.9% out of sample. (2) By comparison, we find the maximum prediction deviation of the six-factor model is 27.2% which is much smaller than that of the three-factor model. (3) For the prediction of natural gas prices in winter months, the average prediction bias of the six-factor model is 12.5%, compared with the three-factor model, the reduction is 6.2%. (4) The six-factor model is more suitable for natural gas futures pricing, indicating that it is necessary to consider seasonal fluctuations in the model. Further, after updating the parameters, we use the six-factor model to predict the spot price and the contract price of each term in each month from May 2019 to April 2020. The forecast results show that the prices of all futures contracts increase over time, with spot prices reaching their maximum in November and their minimum in February. In any month, the contract price of 8 months is the highest, and the contract price of 10 months is the lowest.

The research results provide a new way to improve the accuracy of natural gas futures price predictions, which will help natural gas market stakeholders to more accurately grasp the future price trend of the natural gas market and provide reference for decision makers and investors. It is worth noting that the basis of this model is the law of movement of historical data. We suggest that when predicting the price of natural gas futures in the future, the parameters in the model should be re-estimated based on the latest data. The estimate method proposed by this paper can also be used under that circumstance.
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Appendix A. Least squares regression and seemingly uncorrelated regression methods
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Appendix B. Predictive deviation matrix for three-factor model and six-factor model

Table A: Bias of three-factor model
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Note: *bias greater than 10%.

Table B: Bias of six-factor model
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and report the descriptiveness of the variable in the whole sample period and two sub-samples respectively. The two sub-samples contain observations
of 260 and 122, respectively.

*J-B denotes the Jarque-Bera statistic of the variable. The larger the value is, the smaller the probability from the population of the normal distribution
will be.

“The estimates of & and r have been annualized
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