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Abstract: The behavior of non-Newtonian power-law nanofluids under free convection heat transfer conditions in a cooled square enclosure equipped with a heated fin is investigated numerically. In particular, the impact of nanofluids, composed of water and Al₂O₃, TiO₂, and Cu nanoparticles, on heat transfer enhancement is examined. The aim of this research is also to analyze the influence of different parameters, including the Rayleigh number (Ra = 104 − 106), nanoparticle volume fraction (φ = 0% − 20%), non-Newtonian power-law indexes (n = 0.6 − 1.4), and fin dimensions (Ar = 0.3, 0.5, and 0.7). Streamlines and isotherms are used to depict flow and related heat transfer characteristics. Results indicate that thermal performance improves with increasing Rayleigh number, regardless of the nanoparticle type or nanofluid rheological behavior. This suggests that the buoyancy force has a significant impact on heat transfer, particularly near the heat source. The Nusselt number is more sensitive to variations in Cu nanoparticle volume fractions compared to Al₂O₃ and TiO₂. Moreover, the average Nusselt numbers for power-law nanofluids with n < 1 (n > 1) are greater (smaller) than for Newtonian fluids due to the decrease (increase) in viscosity with increasing (decreasing) shear rate, at the same values of Rayleigh number Ra owing to the amplification (attenuation) of the convective transfer. Notably, the most substantial enhancement is observed with Cu–water shear-thinning nanofluid, where the Nusselt number increases by 136% when changing from Newtonian to shear thinning behavior and by 154.9% when adding 16% nanoparticle volume fraction. Moreover, an even larger increase of 57% in the average Nusselt number is obtained on increasing the fin length from 0.3 to 0.7.
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Nomenclature



	
Ar

	Aspect ratio



	
b

	Fin’s dimension 
(m.s−2)




	
cp

	Specific heat at constant pressure 
(J.kg−1
.
K−1
)



	
g

	Gravitational acceleration 
(m.s−2)




	
k

	Thermal conductivity 
(W.m−1.K−1)




	
L

	Cavity length 
(m)




	M
	The consistency coefficient



	
n

	Power law index



	Nu
	Nusselt number



	
Num

	Mean Nusselt number



	P
	Dimensionless pressure



	p
	Pressure 
(Pa)




	Ra
	Rayleigh number



	Pr
	Prandtl number



	T
	Temperature 
(K)




	u, v
	Velocity components 
(m.s−1)




	U,V
	Dimensionless velocity components



	x, y
	Cartesian coordinates 
(m)




	X, Y
	Dimensionless Cartesian coordinates



	Greek Letters




	φ
	Nanoparticle volume fraction



	β
	Coefficient of volume expansion, 
1.K−1




	τ
	Shear stress, Pa



	ρ
	Density, 
kg.m−3




	α
	Thermal diffusivity, 
m2.s−1




	µ
	Dynamic viscosity, 
N.s.m−2




	Ѳ
	Dimensionless temperature



	
δ, δth

	Velocity and thermal boundary-layer thickness, m



	ψ
	Dimensionless stream function



	
c

	Cold



	
h

	hot



	
eff

	effective



	
f

	Fluid



	
p

	Particle



	
nf

	Nanofluid





1  Introduction

Free convection heat transfer in square enclosures is largely used in numerous engineering applications such as heat exchangers, buildings, built-in-storage solar collectors and thermal management of electronics [1]. Researchers have expressed significant concern regarding the enhancement of heat transfer in free convection due to its inherently low heat transfer coefficient. Consequently, they actively explored diverse techniques and concepts to improve the heat transfer in this process. One of those techniques that researchers frequently focus on is adding nanoparticles to the conventional working fluid. The addition of nanoparticles enhances the thermophysical properties of the base fluid, particularly thermal conductivity, a pivotal parameter that improves the heat transfer mechanisms [2–6]. Therefore, the single-phase model was largely employed due to its simplicity and computational efficiency, making it suitable for diluting nanofluids with low nanoparticle concentrations. However, its simplicity may lead to inaccuracies, as it oversimplifies complex nanofluid behavior and neglects nanoparticle interactions [7]. The two-phase model, initiated in 2006 by Buongiorno, offered a deeper insight into the movement of nanoparticles into the base fluid. Alsabery et al. [8] have concluded in their review that the high computational cost of the two-phase models has limited the adoption of the model of single-phase among researchers. As a result, only 19% of nanofluid studies have opted for the two-phase approach.

Some analytical and numerical investigations have been performed on free convection through nanofluids in cavities of different shapes [9–13]. These studies have investigated the impact of altering the nanoparticle’s volume fraction at various Rayleigh numbers (Ra) on heat transfer.

Houda Jalali [14] have explored enhanced heat transfer in 
Al2O3−water
nanofluid through nanoparticle addition. They have carried out a numerical study of a square enclosure, revealing optimal conditions for heat transfer improvement. They have proposed precise correlations for thermal conductivity and viscosity on the basis of experimental outcomes. They have identified the minimum value of temperature (40°C) and the diameter limit (45–50 nm) for enhanced heat transmission. Ma et al. [15,16] have numerically investigated the natural convection of 
TiO2
and 
Al2O3−H2O
nanofluids inside a U-shaped enclosure featuring a heated obstacle. It was demonstrated that an increase in the Ra and the nanoparticles volume fraction (
φ
) led to a higher 
Num
on the obstacle sides, irrespective of the aspect ratio. At lower 
Ra
, nanoparticles had a greater impact on the improvement of the heat transfer in slender cavities compared to larger ones. Moreover, when the diameters of nanoparticles are equal, 
Al2O3
nanoparticles are more effective than 
TiO2
ones in enhancing heat transfer. Faraz et al. [17] have conducted a study on convective heat transfer through 
Cu−water
nanofluid within a hexagonal cavity with an internal square. Their research focused on how the heat transfer characteristics are affected by the placement of the active sections of the side walls and the nanoparticles volume fraction. Their parametric investigation revealed that increasing the volume fraction of 
Cu
nanoparticles led to enhanced heat transfer within the cavity.

While most studies have concentrated on free convection heat transfer for Newtonian fluids within cavities, the influence of non-Newtonian behavior exhibited by nanofluids on free convection heat transport remains less explored. Some studies have employed a comparative analysis to investigate the free convection heat transfer characteristics between Newtonian and non-Newtonian behaviors. Turan et al. [18] considered the free convection phenomenon in a square enclosure exposed to heat flux at the sidewalls, focusing on power-law fluids and Newtonian fluids. For both power-law and Newtonian fluids, heat transfer increased with rising 
Ra
values. Nevertheless, at the same Ra, shear-thinning fluids with 
n < 1
exhibited greater heat transfer rates compared to both Newtonian fluids and dilatant behavior with 
n > 1
. These obtained results are confirmed by several researchers [19–22].

Several published studies have proved that the presence of the fin in cavities introduces an additional heat transfer surface, leading to improved convective heat transfer. Elatar et al. [23] have numerically investigated the laminar free convection in a square differentially heated enclosure with one simple horizontal fin fixed to the heated wall. The study has revealed that the effectiveness of the fin has increased with its length. Saravanan et al. [24] have numerically analyzed the free convection inside an enclosure with a heated plate, considering thermal radiation effects. In the cases of the absence of emissivity, it has been well documented in the literature that the heat transfer is significantly improved when the fin is both longer and vertical. These same results were obtained also by Mahalakshmi et al. [25].

In the constantly changing field of heat transfer involving fluid flow through nanoparticles inside cavities, there have been notable advancements in recent years. Islam et al. [26] analyzed copper-water nanofluid convective flow through a prismatic cavity under two different temperature boundary conditions, aiming to visualize temperature flow and identify the most efficient temperature change path. Khan et al. [27] studied 
TiO2−H2O
nanofluid free convection heat transfer inside a square enclosure with partly active sidewalls employing Finite Element Method (FEM). Saha et al. [28] conducted a numerical study of MHD free convective heat transfer and fluid flow inside a square cavity containing 
Al2O3−H2O
nanofluid. The cavity features a wavy top wall and a vertically attached, hot single fin in the center of the bottom side. The upper wavy side is considered cold, while the bottom, left, and right sides were thermally isolated. 
Al2O3
nanoparticles possess a high thermal conductivity, and Cu nanoparticles exhibit both high specific heat capacity and thermal conductivity, while 
TiO2
nanoparticles possess a high surface area. They also exhibit other advantages that make them versatile for numerous applications. Additionally, alumina nanoparticles are chemically inert, non-toxic, and widely available. Furthermore, titania nanoparticles are known for their photocatalytic properties and UV-blocking capabilities. And copper nanoparticles are recognized for their chemical stability and their ability to work effectively with numerous HTF and materials. However, despite the existing literature, there is still a research gap that needs to be further investigated in order to fully understand the non-Newtonian flow behavior in a square enclosure with a hot central fin.

The current study introduces several novel contributions to the area of fluid flow and thermal transfer. The study begins by examining the power-law nanofluids behavior, capturing specifics of shear-thinning (pseudo-plastic behavior) and shear-thickening (dilatant behavior) fluids in a square cavity having a heated central vertical fin, utilizing the finite element method; offering a fresh perspective as it examines a geometry that has received limited attention in previous research. The rheological response of non-Newtonian nanofluids in this configuration allowed us to further control the fin-induced heat transfer enhancement. This is particularly significant due to its involvement in various practical and industrial applications, including thermal management of electronic components, nuclear reactors, heat exchangers and float glass production, among others. Moreover, the inclusion of changing Rayleigh numbers (
Ra
), nanoparticle volume fractions (
φ
), power-law index (
n
), and fin dimensions (
Ar
) presents a parametric study that improves the understanding of Newtonian and non-Newtonian nanofluid behavior across diverse conditions. Additionally, a comparison is conducted among three types of nanoparticles with the primary objective of augmenting convective heat transfer. This investigation allows for a thorough analysis of the effects of these parameters on convective heat transport, particularly by evaluating their effects on the mean Nusselt number (
Num
). Through pinpointing the areas in the cavity that demonstrate the largest 
Num,
the study offers important insights into achieving the optimum of heat transfer efficiency in nanofluidic systems.

2  Modelling and Mathematical Formulation

The square cavity Fig. 1 is enclosed by two vertical walls cooled to a temperature of 
Tc
and two horizontal walls that are adiabatic. A heated fin with dimensionless variable length 
(Ar=bL=0.3,  0.5,  and 0.7)
is vertically positioned at the cavity’s midpoint, kept at an elevated temperature 
Th
. The enclosure contains water-based nanofluid incorporating nanoparticles of 
Al2O3
, 
TiO2
, or 
Cu
, assumed as a laminar and incompressible Boussinesq power law model, with a Prandtl number (
Pr
) set at 6.2. Assuming thermal stability between the water-based fluid and nanoparticles, with no slip occurring due to their thermophysical properties as listed in Table 1. Under these conditions and according to the nanofluid model suggested by Tiwari et al. [29,30], continuity, momentum, and energy equations, in laminar incompressible nanofluid may be expressed in their nondimensional form for the numerical solution as follows [24,27,28,31,32]:
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Figure 1: Some functions of 
x
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∂U∂X+∂V∂Y=0 
(1)


∂U∂X+V∂U∂Y=−∂P∂X+PrRa[2∂∂X(μeffM∂U∂X)+∂∂Y(μeffM(∂U∂Y+∂V∂X))]
(2)


U∂V∂X+V∂V∂Y =−∂P∂X+PrRa[2∂∂Y(μeffM∂V∂Y)+∂∂X(μeffM(∂U∂Y+∂V∂X))+Prθ] 
(3)


U∂θ∂X+V∂θ∂Y=1Ra(∂2θ∂X2+∂2θ∂Y2) 
(4)

Dimensionless variables can be linked to dimensional ones through [19,28]:


X=xL,  Y=yL,  U=u(αfL)Ra,  V=v(αfL)Ra,  P=pρ(αfL)2Ra,  Θ=T−TcTh−Tc  
(5)

Dimensionless Rayleigh (
Ra
) and Prandtl (
Pr
) numbers are expressed below [27,33]:


Ra=ρfgβfL3(Th−Tc)μeff αf,  Pr = μeffρf αf 
(6)

The thermo-physical characteristics of the nanofluid are determined using conventional models reported in the literature [34,35] as follows:


ρnf=(1−φ)ρf+φρp 
(7)


(ρCp)nf=(1−φ)(ρCp)f+φ(ρCp)p
(8)


(ρβ)nf=(1−φ)(ρβ)f+φ(ρβ)p 
(9)

The nonofluid’s density, specific heat, thermal expansion coefficient, and thermal diffusivity are represented by 
ρ
, 
cp
, 
β
, and 
α
, respectively. The nanoparticle volume fraction is denominated by 
φ
, while the subscripts 
nf
, 
f
, and 
p
correspond to the nanofluid, base fluid, and nanoparticle, respectively. The Hamilton-Crosser model [36] was employed to determine the effective thermal conductivity of the spherically shaped nanofluid, this model has been adopted by many researchers [19,37,38]:


knf=kf[(kp+2kf)−2φ(kf−kp)(kp+2kf)+φ(kf−kp)] 
(10)

The Brinkman model was used to calculate the effective dynamic viscosity of the nanofluid 
μnf
[35,39]:


μnf=μeff(1−φ)2.5 
(11)

The non-Newtonian fluid inside the cavity obeys the Ostwald-de Waele power law model, based on the shear stress tensor:


τxx=2μnf∂u∂x 
(12)


τyy=2μnf∂v∂y 
(13)


τxy=τyx=μnf(∂u∂y+ ∂v∂x) 
(14)

where 
μeff
could be defined as follows:


μeff=M{2[(∂u∂x)2+ (∂v∂y)2]+ ( ∂v∂x+∂u∂y)2}n−12 
(15)

The effective viscosity (
μeff
) and consistency index (
M
) are not intrinsic fluid properties; however, they are related to the fluid shear rate. The power-law index (
n
) is employed to describe the non-Newtonian fluid attitude. Newtonian fluids are identified when 
n
equals 1, while non-Newtonian fluids are specified when n is different from 1. When n is less than 1, the non-Newtonian nanofluid behaves as a shear-thinning fluid, where its apparent viscosity reduces with rising the shear rate. However, when n is greater than 1, the non-Newtonian nanofluid behaves as a shear-thickening fluid, where its apparent viscosity rises with an increasing in shear rate.


μeff¯=M{2[(∂U∂X)2+ (∂V∂Y)2]+ ( ∂V∂X+∂U∂Y)2}n−12 
(16)

The problem’s boundary conditions, when dimensionless, are presented below:

{ U=V=0,∂Θ∂Y=0Horizontal wallsU=V=0,Θ=Θc=0Vertical wallsU=V=0,Θ=Θc=0At the fin(17)

Some relationships are conducted to clarify how Rayleigh number, Prandtl number, and power-law index influence the Nusselt number for the model of power-law fluids [18].


Nu∼h.Lknf∼Lδth or Nu∼Lδf(Ra, Pr, n)
(18)

where the hydrodynamic and thermal boundary-layer thicknesses, 
δ
and 
δth
, are related by this expression: 
δ/δth∼f(Ra, Pr, n)
in which 
f(Ra, Pr, n)
denotes a function of Rayleigh number, Prandtl number, and power-law index. A positive correlation with increasing Prandtl number is expected.

The average Nusselt number is expressed by:


Nu¯∼(Ra2−nPr−n)12(n+1)f(Ra, Pr, n) when Nu¯ > 1 
(19)

3  Numerical Methodology and Validation

Numerical solutions for the Eqs. (1)–(4), considering the initial and boundary conditions (17), were computed employing COMSOL, a partial differential equations (PDEs) solver that utilizes the Galerkin weighted residual finite element approach is adapted. The flow is laminar and the fluid is assumed to be incompressible. The computational domain was subdivided to triangular elements, and various orders of triangular Lagrange finite elements were employed to represent the various flow variables throughout the computational domain. To handle the non-linear terms present in momentum equations, Newton iterative method was employed for simplifications.

The stream function equation is solved using the Poisson’s equation:


∂2ψ∂X2+∂2ψ∂Y2=∂U∂Y−∂V∂X 
(20)

Multiple sensitivity grid tests were performed to assess the adequacy of the scheme of mesh and ensure that the outcomes are not influenced by the grid used. The default settings of COMSOL for pre-defined mesh sizes are employed as below in Table 2.
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The extra fine grid type of 16,630 elements is chosen to accurately resolve the governing equations and the local-average heat transfer.

To verify the numerical outcomes accuracy found in the current investigation, a comparison was conducted between quantitative results (mean Nusselt number and the maximum of streamlines) and qualitative aspects (isotherms and streamlines behaviors) (as illustrated in Fig. 2 of the current work) with those reported by Brinkman et al. [39] for a differentially heated enclosure without a fin, both in the presence and absence of magnetic fields (which are not presented here). The results of the current study align well with those of Ghasemi et al. with the highest deviation observed at 1.96% for 
Ra=107
and 
Ha=30
.

[image: images]

Figure 2: Streamlines (left) and the isotherms (right) of the current study for 
a=105
, 
φ = 0.03
, 
n=1
, 
Pr=6.2
and 
Ha=0

Furthermore, another comparison of the 
Num
is made among the current work and the one of Turan et al. [18] for various n and 
Ra
, at 
φ = 0
and 
Pr=100
is represented in Table 3. The results agree well with those of Turan et al. [18], for the highest error of no more than 0.61% recorded for 
Ra=106 
and 
n=0.6.
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4  Results and Discussion

Fig. 3 illustrates the changes of the mean Nusselt number (
Num
) with the volume fraction (
φ
) of TiO2, Al2O3, and 
Cu
nanoparticles, considering various values of Rayleigh number (
Ra
) and power-law index (
n
). The examination of this figures shows that for all nanoparticles types, the mean Nusselt number has an upward trend as the nanoparticle volume fraction increases, this trend can be caused by the fact that raising this parameter enhances the thermal fluid conductivity, thereby resulting in an improvement in the energy transported by the nanofluid. Additionally, it also improves with the rise in (
Ra
) and a decrease in the (
n
). This reduction results in an amplification of the heat flux magnitude at the vertical walls.

[image: images]

Figure 3: The 
Num
number at 
φ
and 
n
: (a) 
Al2O3
, (b) 
TiO2
and (c) 
Cu
nanoparticles

In fact, for shear-thinning nanofluids (
n=0.6
), such as Al2O3, TiO2, and 
Cu
, these fluids exhibit the highest Nusselt numbers. This is attributed to their apparent viscosity, which reduces as the shear rate rises. Consequently, the fluid becomes less resistant to flow, leading to enhanced convective heat transfer. Moreover, the synergistic effect of shear-thinning behavior and an increased nanoparticle volume fraction further contribute to the overall improvement in convective heat transfer efficiency. However, for shear-thickening nanofluids (
n=1.4
), where viscosity increases under shear stress, the inhibitory effect on fluid mobility tends to suppress convective heat transfer efficiency, as shown evidence by the lowest average Nusselt numbers. This rheological behavior creates a challenging scenario for heat transport enhancement. Particularly noteworthy is the observation that, at a relatively low 
Ra=104
, the addition of Al2O3, TiO2, and 
Cu
nanoparticles have a more significant impact. In this scenario, the altered viscosity and flow patterns induced by these nanoparticles appear to overcome the inhibitory effect imposed by shear-thickening behavior, leading to a more favorable convective heat transfer outcome.

For Newtonian fluid case behavior (
n=1
), characterized by constant viscosity irrespective of applied stress or shear rate, the average Nusselt numbers reach 9 for Al2O3 and TiO2 and 11 for 
Cu
. These results emphasize the notable impact of 
Cu
nanoparticles in enhancing convective heat transfer, surpassing the improvements achieved with the Al2O3 and TiO2. However, 
Cu
falls behind shear-thinning fluids while outperforming shear-thickening ones in terms of the enhancement of heat transfer.

Remarkably, the most substantial rise in the mean Nusselt number with varying volume fractions of Al2O3, TiO2, and 
Cu
nanoparticles is observed at a high 
Ra=106
, with 
Cu
showing the most significant increase of 3.5. This observation underscores the heightened effectiveness of 
Cu
nanoparticles in enhancing convective heat transfer, particularly under conditions of elevated thermal gradients and fluid motion. These findings highlight Cu’s potential for applications requiring efficient performance of heat transfer, particularly at elevated values of 
Ra
.

The most pronounced impact of nanoparticles on heat transport is evident at a power law index (
n=0.6
and 
Ra=106
) for all three sorts of nanoparticles. This specific combination of rheological behavior and high thermal gradients results in the most substantial improvement in convective heat transfer efficiency. The findings suggest that, under these conditions, the synergistic effects of shear-thinning behavior and the nanoparticles presence contribute significantly to improving the heat transfer in the system.

The observations depicted in Fig. 4 underscore the significant influence of fluid rheology, particularly the transition from shear-thinning to the behavior of shear-thickening. This transition is associated with a decrease in (
Num
), showing a reducing in convective heat transfer efficiency. Notably, among the nanoparticles, TiO2 demonstrates the most pronounced effect of (
n
) on (
Num
). Furthermore, Fig. 4 highlights that the nanoparticles addition has a positive impact on the average 
Nu
, contributing to enhanced convective heat transfer. Furthermore, the nanoparticle volume fractions of 
Cu
exhibit a more pronounced impact on the 
Nu
compared with those of Al2O3 and TiO2, as evident in Figs. 5 and 6. This distinction becomes more pronounced when the nanofluids exhibit shear-thinning behavior. In Fig. 6, all nanofluids display similar behavior at various 
Ra
, however, it was found that 
Cu
provided the highest heat transport compared to the other considered nanofluids.
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Figure 4: The 
Num
number at 
n
and 
φ
for 
Ra=106
: (a) Al2O3– water, (b) 
TiO2 – water
and (c) 
Cu – water
nanofluids
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Figure 5: Influence of nanoparticles on the 
Num
number for varied 
φ
, at fixed 
Ra=106and n=0.6

[image: images]

Figure 6: Effect of nanoparticles on the 
Numnumber at different Ra, at fixed 
φ=0.04and n=0.6

Fig. 7 provides a visual representation of the circulation of liquid and thermal transmission in Cu – water nanofluids at 
Ra=106
and 
φ=0.2
. This specific set of conditions corresponds to the previously observed most significant heat transfer enhancement. The outcomes are presented to analyze the combined influence of the power-law (
0.6≤n≤1.4
) index and the dimensions of the fin on heat transfer, as depicted through streamlines and isotherms. These visualizations aim to offer insights into the intricate fluid dynamics and thermal distribution within the device under varying rheological behaviors and fin geometries.
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Figure 7: Isotherms at various 
n
, 
Ar
for 
Ra=106
, 
φ=0.2
, and 
Cu−water
nanofluid

It is apparent from Fig. 8 that as the n value increases (decreases), the intensity 
ψmax
decreases (increases) because of a decrease (increase) in convective transport strength relative to the resistance from the viscous flow. It is important to highlight that in the case of pseudoplastic or shear-thinning behavior, their reduced viscosity at higher shear rates allow for better flow and mixing within the fluid. This enhanced flow can facilitate the dissipation of heat from hot regions to cooler regions, resulting in a more uniform temperature distribution. This aspect underscores the favorable effect of shear-thinning heat transfer behavior, providing insights into the fluid dynamics that contribute to the observed heat transfer enhancements in the system.
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Figure 8: Streamlines at various 
n
, 
Ar
for 
Ra=106
, 
φ=0.2
, and 
Cu−water
nanofluid

The presence of the fin, serving as a heat source, induces the formation of temperature stratification zones on both sides of the heat-generating region. As the power law index reduces, the distribution of isotherms becomes increasingly curved in a horizontal manner. This curvature is a consequence of the intensified strength of convection. The result for higher values of n demonstrates a reducing in the circulation of convective flow and the emergence of a heat conduction-driven way within the proximity of the walls. Consequently, one may observe less effective cavity cooling from the vertical walls. This observation highlights the intricate interplay between fluid dynamics, heat conduction, and the index of power law, influencing the total heat transport characteristics within the system.

The observation notes that the streamlines intensity represented by 
ψmax
raises with the enlargement of the fin dimension. This indicates a more vigorous and intensified flow within the cavity. A more intense flow, can contribute to a highly efficient exchange of heat among the fluid and the surfaces of the cavity.

It should be emphasized that the presence of the fin and its vertical positioning at the center significantly increases the rate of heat transport in the enclosure. This finding is in line with the research of Saravanan et al. [24] in the context of pure convection, where they compared the horizontal and vertical positions. This improvement of heat transfer is facilitated by the rise of the area surface provided by the fin, allowing for more contact between the fin and the surrounding fluid.

The influence of the fin’s dimensions and the index of power law on heat transport is more apparent in the results found in terms of 
Num
shown in Fig. 9. This parameter increases with the rising of the 
Cu
nanoparticle volume fractions, enlargement of the fin dimension and a lower value of the index power law (
n
). The shear-thinning nanofluid at 
Ar=0.7
exhibits the highest 
Num
, accentuating the most important enhancement of heat transfer.
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Figure 9: 
Num
number at various 
φ
, 
Ar
, 
n
, at 
Ra=106
, for Cu – water nanofluid

Fig. 10 shows that, at a constant 
Ra=106
and 
φ= 0.04
, the 
Num
reduces with a higher index of power law (
n
) and smaller fin dimension (
Ar
). The impact of the fin’s dimension is more pronounced for shear-thinning nanofluids compared to Newtonian and even more so compared to shear-thickening nanofluids. The highest 
Nu
is seen for shear-thinning nanofluid 
n=0.6
and 
Ar=0.7
, this combination yields the most efficient convective heat transfer under the specified conditions. These findings emphasize the significance of both rheological properties and fin geometry in influencing heat transfer efficiency within the cavity.
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Figure 10: 
Num
number at various 
n
, 
Ar
, at 
Ra=106
, 
φ= 0.04
for 
Cu−water
nanofluid

5  Conclusions

In the current study, heat transfer by free convection for 
Al2O3
, 
TiO2
and 
Cu−H2O
power-law nanofluid in a square enclosure with the presence of a vertical fin was carried out. This study covered the relevant parameters within the following ranges: the index of power-law (
n=0.6−1.4
), 
Ra=104 −106
, the volume fractions (“φ” = 0%–20% ) and the dimensions of the fin (
Ar= 0.3, 0.5, 0.7
).

The following outcomes have been concluded:

•   For shear-thinning 
Al2O3
, 
TiO2
and 
Cu
nanofluids (
n = 0.6
) demonstrate the highest Nusselt numbers.

•   In the shear-thickening rheological behavior, adding 
Al2O3
, 
TiO2
and 
Cu
nanoparticles have a more significant effect at 
Ra=104 
.

•   For Newtonian fluid behavior (
n = 1
), it has been conducted that Cu nanoparticles have a notable impact on enhancing the heat transfer by convective compared with other nanoparticles, demonstrating the most substantial increase of 3.5, at 
Ra=106 

•   The most significant impact of nanoparticles adding on the heat transfer is recorded at 
n = 0.6
for 
Ra=106
for 
Al2O3
, 
TiO2
and 
Cu
.

•   The 
Cu
’s nanoparticles provided the highest heat transfer compared with the and nanoparticles.

•   The impact of the fin’s dimension is more pronounced for shear-thinning nanofluids compared to Newtonian and even more so compared to shear-thickening nanofluids. The highest 
Num
is observed for nanofluid shear-thinning of 
n = 0.6
and 
Ar = 0.7
.

In summary, the improvement of heat transport in the square enclosure is represented by the increment of the 
Num
. It enhances with the decrease for index of power law, which speeds up the flow because of the reduction of the viscosity of the fluid, the increase of 
Ra
which causes the change of the heat transport mechanism from conductive to convective, the rise of nanoparticles volume fractions and the enlargement of the vertical fin.
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Table 1: Thermophysical properties of pure water and nanoparticles [16,40]

plkg/m)  c(U/kgk)  BK) x 105 k(W/mK)
H>,O 997.1 4179 21 0.613
Al O; 3970 765 0.85 40
TiO, 4250 686.2 0.9 8.95
Cu 8933 383 1.67 400
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Table 3: Comparison of the average Nu with previous study of Turan et al. [18] for various Ra and n when

@ =0 and Pr =100

Nu,,
n=20.6 n= n=14
Turan et al. [18] Ra =10° 14.3961 4.7257 2.4337
Ra = 10° 34.1494 9.2519 4.3007
Present work Ra = 10° 14.413 4.7281 2.4463
Ra = 10° 33.940 9.2497 4278
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Table 2: Grid test of Nu,, with various grid sizes at n = 0.6, Ra = 10° and ¢ = 0.02

Nu,, Grid type
9.4381 Coarse
9.5760 Normal
9.6617 Fine
9.8318 Finer

10.011 Extra fine
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