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Abstract: A Generative Adversarial Neural (GAN) network is designed based on deep learning for the Super-Resolution (SR) reconstruction task of temperature fields (comparable to downscaling in the meteorological field), which is limited by the small number of ground stations and the sparse distribution of observations, resulting in a lack of fineness of data. To improve the network’s generalization performance, the residual structure, and batch normalization are used. Applying the nearest interpolation method to avoid over-smoothing of the climate element values instead of the conventional Bicubic interpolation in the computer vision field. Sub-pixel convolution is used instead of transposed convolution or interpolation methods for up-sampling to speed up network inference. The experimental dataset is the European Centre for Medium-Range Weather Forecasts Reanalysis v5 (ERA5) with a bidirectional resolution of 
0.1∘×0.1∘
. On the other hand, the task aims to scale up the size by a factor of 8, which is rare compared to conventional methods. The comparison methods include traditional interpolation methods and a more widely used GAN-based network such as the SRGAN. The final experimental results show that the proposed scheme advances the performance of Root Mean Square Error (RMSE) by 37.25%, the Peak Signal-to-noise Ratio (PNSR) by 14.4%, and the Structural Similarity (SSIM) by 10.3% compared to the Bicubic Interpolation. For the traditional SRGAN network, a relatively obvious performance improvement is observed by experimental demonstration. Meanwhile, the GAN network can converge stably and reach the approximate Nash equilibrium for various initialization parameters to empirically illustrate the effectiveness of the method in the temperature fields.
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1  Introduction

Artificial intelligence advances have shown considerable promise in the field of meteorology, not only in the domains of computer vision (CV) and language processing [1–5]. The Image Super-Resolution [6] is a classic in the CV field; it generally refers to increasing the resolution, for example, from 512 × 512 to 1024 × 1024 pixels. In the field of meteorology, downscaling for the temperature field is a super-resolution reconstruction using the same notion as CV [7]. It is a solution to mitigate the conversion of low-resolution data to high-resolution data. Most conventional statistical approaches employed in the past to develop statistical downscaling models in the meteorological disciplines were based on normal distribution assumptions. However, various extremes did not follow a normal distribution, and bottlenecks were encountered in the study of extreme climate events with non-normal distributions. [8].

GAN networks [9] use a random sample from the potential space as input and learn such that the output results are near to the true distribution in the training set, which overtakes the feature extraction performance of conventional neural networks. In this paper, In this research, we propose a GAN network structure and use the ERA5-Land hourly dataset [10,11] to scale up 2 m temperature field data with a resolution of 
0.1∘×0.1∘
.

Overall, the contributions of this study are mainly in three aspects:
1.    To provide the model with adequate capacity and generalization performance, the widely used residual structure [12] and batch normalization [13] in the deep learning domain are included. On the other hand, a recurrent structure is required to fuse temporal information since the data are interrelated in time.

2.    Because arbitrary points in the image matrix have a defined physical relevance for meteorological elements such as temperature, using Bicubic interpolation for the scale down during the data processing phase, which will lose the original information, is ill-advised. In our work, the reduced location is perfectly aligned with the original image, and we use the nearest interpolation to retain the original image’s information.

3.    We adopt 2-fold staged zooming of the meteorological element field for the network’s structural attributes, which is more flexible with 2, 4, and 8-fold zooming. To enhance the GAN more effectively, sub-pixel [14] convolution is employed instead of the standard transposed convolution and interpolation approaches.

2  Related Work

Bilinear interpolation and Bicubic interpolation are extensively employed to recover lost information in images, whether it’s for image super-resolution or downscaling in the meteorological field. The basic idea is to use linear and cubic functions to interpolate pixel coordinates horizontally and vertically in a bidirectional way. In Fig. 1, the bilinear and bicubic approaches are presented. Bilinear and Bicubic gather the nearest 4 and 16 points surrounding the target point, respectively, and 1st-order and 3rd-order polynomials would be used to infer the value of the target pixel.
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Figure 1: Bilinear and Bicubic methods for target pixel values

The experimental results (Section 6) indicate that the interpolation method produces an overly smooth image. Deep learning approaches such as GAN-base, on the other hand, are preferred. GAN differs from ordinary neural networks in that it has two components: a generator and a discriminator. The generator’s job in the SR reconstruction task is to input a low-resolution picture and then generate a new high-resolution image, while the discriminator’s job is to distinguish between actual and fake images (by generator). It can approximate the produced data to the real distribution as the number of iterations increases. The GAN network’s CV field may be used in a variety of applications, including image style conversion and image demosaic.

Numerous works have been produced over the years with deep learning methods for SR reconstruction, Super-Resolution Deep Convolutional Networks (SRCNN) [15] introduced deep learning methods into the field of image Super-resolution for the first time using only three layers of convolution to achieve state-of-the-art (STOA) performance, and Faster SRCNN (FSRCNN) improved the SRCNN for many measures to promote network’s effectiveness. Very Deep Super-Resolution (VDSR) [16] allows the network to learn the residuals of the high-frequency part of the image and the performance is further improved. GAN networks were originally implemented for super-resolution to enhance realism via perceptual loss and adversarial loss, alleviating the problem of losing high-frequency details when using RMSE as a loss function in Super-Resolution GAN [17] (SRGAN, shown in Fig. 2).
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Figure 2: SRGAN structure

The SRGAN needs high-resolution generation for all time frames by concatenating each frame due to the temporal correlation of the data, and we experimentally demonstrate that satisfactory results cannot be reached using the SRGAN approach for the temperature field SR reconstruction task, even though it is a baseline model in the picture super-resolution domain (results shown in Section 6).

Over the years Super-Resolution achievements in the non-computer vision domain have proliferated [18,19], and unlike image processing [20–22], it is critical to understand and quantify forecast uncertainty in climate and climate applications. The classical precipitation downscaling algorithm [23] uses techniques such as stochastic autoregressive models. Meteorology elements downscaling is also being attempted with deep learning. Leinonen et al. [24] used GAN networks for the down-sampling of rainfall and cloud thickness, and we differ from them by using pixel extraction in the down-sampling stage to retain the original information of meteorological elements while introducing sub-pixel convolution to optimize the network to be more efficient. The China Meteorological Administration’s Land Assimilation System Statistical Downscaling Model (CLDASSD) [25] used traditional convolution and proposed a quality control algorithm for high and low resolution data pairs, and achieved STOA performance for down-sampling the temperature field in the Chinese region.

3  Dataset

The experimental dataset is the ERA5-Land hourly [11], a reanalysis dataset with a higher resolution than ERA5 on pressure levels. The dataset uses physics laws to combine model data with observations from global regions into a dataset. The resolution of this dataset is 0.1° × 0.1°, one record per hour, and the meteorological element used is 2 m-temperature.

We crop the worldwide matrix for Beijing, China, with a longitude range of 111.2°E to 117.5°E and a latitude range of 36.0°N to 42.3°N., as shown in Fig. 3. The original dataset provided 00:00~23:00 with a total of 24 items for the temporal dimension, and we sampled the data at 3-h intervals to acquire 8 items in a day. After cropping and sampling the original data, the dimension shape in one day is 
D×T×1×H×W
, where 
D
is the number of days, 
T
times per day (
T=8
in our experiment), the channel is 1 (one element), and 
H,W
are the height and width, respectively.
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Figure 3: ERA-Land data cropping and down-sampling

The original image needs to be downscaled to low-resolution and aligned with the original image for training, in addition to the concept of computer vision for SR. Bicubic interpolate is a generally used down-sampling method for converting a high-resolution image to a target resolution with a blurring effect, although it is ineffectual for meteorological data processing. To maintain the correct values of the real meteorological element field and prevent numerical smoothing, we adopt nearest interpolation down-sampling to upscale two points from the whole element field at 
k−2
element points apart (except the boundary).

The training set contains all days for 2019 and 2020, the validation set is randomly divided from the training set to choose the best model during the training process, and the test set has 151 days of data from 2021.1.1 to 2021.5.31 to avoid temporal overlap with the training set.

4  Methodology

This experiment’s GAN is composed of a generator and a discriminator. The generator inputs low-resolution meteorological elements (2-D matrix), and the output can be dynamically adjusted to upscale to high-resolution element fields by factors of 2, 4, and 8 on demand. In this section, we show the model network structure for a generator and a discriminator, followed by an introduction to the network’s submodules such as residual structure, recurrent structure, and sub-pixel convolution.

The complete proposed GAN network structure is illustrated in Fig. 4. A generator is the main model of super-resolution for the low-resolution input and outputs of the high-resolution 2-D meteorological element field: the low-resolution part first input to the conventional convolution layer 
L1
, which expands 1 channel into large channels (256 in the experiment) and obtains data 
O1
, then 
O1
is summed with Gaussian noise 
N
derive the latest 
O1
(the shapes 
O1
and 
N
are equivalent).
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Figure 4: Generator and Discriminator network overall structure


L2
consists of a residual structure that serves the same purpose as the convolutional layer, and is internally composed of multiple convolutional kernels, with residual connections tackling the issue of difficult learning after deepening the network.

The third layer of the generator 
L3
is the Convolutional Long Short Term Memory (ConvLSTM) [26] structure, which can be used for the temporal information of 2-D data and is a variant of the LSTM network for the 1-D time series prediction task, and can effectively solve the vanishing gradient problem in the timing network by migrating the gating structure into the convolutional layer. The structure 
L4
and 
L2
are the same as 
L5
~
L7
, and sub-pixel convolution operations are used to provide progressive down-sampling (zooming he 
w
and 
h
in the image). The network layers before 
L5
are learnable layers, and the activation of the intermediate layer’s output is fixed in shape. 
L5
~
L7
are to downscale the original image by a factor of 2 and implement flexible multiples of down-sampling on demand. The final layer is a 1 × 1 convolution used to convert the number of channels and yield the expected feature map output. The discriminator makes a judgment on the high-resolution images during the training process, it needs to input the low-resolution image over the high-resolution image, output a one-dimensional vector, and go through the sigmoid squeeze function to the [0,1] interval to represent the probability that the current input high-resolution image is the true result of the low-resolution image. Overall, the discriminator estimates the probability that a sample came from the training data rather than the generator.

Fig. 5 shows the submodules of ConvolutionBlock and ResBlock. ConvBaseBlock is an ordinary convolutional layer that fills normalizes, and non-linearly activates the input feature map (a fill operation is required before the input 3 × 3 convolutional layer so that the height and width of the image remain constant after convolution). ResBlock is the residual structure [12] that has arisen as a dominant structure in the CV domain, with gradient disappearance/explosion as network structure depth increases [27]. The proposed paradigm solves the problem of network degradation, which speeds up the convergence of the training process, and drastically reduces the difficulty of training so that the network allows it to be designed deeper. The residual blocks process their inputs through two activation layers and convolutional layers, and finally, add the inputs to the outputs, replaces the traditional single convolutional layer with a single monolithic one, and the input and output can be achieved identically, while the network depth can be increased to improve the learning ability of the network. On the other hand, the Internal Covariate Shift (ICS) problem occurs as the network depth deepens, so we add batch normalization [13] after the output of the convolution layer and before the input of the activation function (except the last layer) can be used to solve it while allowing the activation function’s input data to fall in the gradient non-saturation region, mitigating the gradient disappearance risk and speeding up the training processes.
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Figure 5: GAN network submodules

In comparison to the conventional Bicubic interpolation, sub-pixel convolution [14] operates as shown in Fig. 6, which is a method for up-sampling distinguished from the interpolation function method by model-base. If the feature map needs to be scaled up twice, the number of channels will be expanded to yield 4 low-resolution images of the same shape by Convolutional Neural Network (CNN). The channel pixel sites can then be panned to the plane dimension to reduce the channel dimension in exchange for the plane scale.
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Figure 6: Sub-pixel convolution (Pixel Shuffle)

5  Model Optimization Objectives

Our goal is to train a Generator (
G
) to generate realistic samples from random noise or latent variables, and a Discriminator (
D
) to discriminate between real and generated data, both of which are trained simultaneously until an approximate Nash equilibrium is reached, where the data generated by the Generator do not differ from the real samples and the Discriminator cannot correctly distinguish between the generated and real data, with the optimization objective as in Eq. (1), 
x
denotes the real image, 
z
denotes the input to 
G
, 
z
and 
n
denote the input low-resolution image and Gaussian noise, respectively, and 
G(z)
denotes the image generated by the 
G
.


minG⁡maxD⁡V(D,G)=Ex∼Pdata(x)[logD(x)]+E(z,n)∼Pdata(z,n)[log(1−D(G(z,n)))]
(1)


D(⋅)
represents the probability of the 
D
to judge whether the image is real or not,
x
refers to real image and the output of 
G(z)
refers to a fake image. According to the objective function Eq. (1), the output of 
D(x)
should be approximated to 1. 
D(G(z))
is the probability for 
D
would judge the image generated by 
G
(should be approximated to 0).

The role of 
G
: as previously stated, 
D(G(z))
is the probability estimated by 
D
that determines whether the image generated by 
G
when 
z
is the input, the optimization goal for 
G
is to enable the generated image (output) to be as deceptive as possible to 
D
. That is, 
G
is to minimize 
V(D,G)
such that the probability estimates of the output of 
D(G(z))
is approximated by 1. Comparable to 
D
: the objective for D is to maximize 
V(G,D)
, it requires the maximum distinction between real and generated images (fake). 
D
and 
G
have opposing objectives and confront each other. The final training stops at equilibrium and reaches an optimal state called Nash equilibrium.

We choose a gradient-based method to calculate the gradient of the network model’s weight parameters (
θg
and 
θd
), and update the parameters by gradient descent or gradient ascent. For other high-order optimization methods (Newton-based methods and Quasi-Newton-based methods), assuming an n-dimensional optimization objective, the computational complexity of the single-round Newton methods is 
O(n3)
, while the L-BFGS of the BFGS in the Quasi-Newton family are 
O(n2)
, 
O(mn)
, because the second-order and higher-order optimization methods are limited by computational effort, memory, and communication costs. However, in deep learning, the magnitude of optimization problem n is usually very large and has reached 
107
magnitude in ALexNet in the early years. These high-order optimization methods lose their advantage in the field of in-depth learning when compared with gradient reduction with 
O(n)
complexity (first-order optimization methods).

The training procedure optimizes the GAN network for the objective Eq. (1), the discriminator 
D
and generator 
G
should to be fixed separately, and gradients are calculated for the minimum batch 
mb
.
1. When 
D
is fixed, the output of 
D
is a constant, and the gradient is calculated for 
G
to see Eq. (2), and 
mb
denotes the minimum one batch size.


∇θgVmb(G,D)=∇θg1mb∑i=1mb⁡log(1−D(G(z(i),ni))
(2)

2. When 
G
is fixed, the gradient is calculated for 
D
as described in Eq. (3).


∇θdVmb(G,D)=∇θd1mb∑i=1mb⁡[logD(x(i))+log(1−D(G(z(i),n(i)))]
(3)

Optimizer: we choose stochastic gradient descent with 0.2 momenta (SGDM, gradient ascent is SGAM) [28] as the optimization method and update the method as follows. Although many variants of optimization algorithms with momentum such as Adaptive Moment Estimation (ADAM) [29] have been shown to converge faster and more efficiently in a large number of experiments, there is also experimental evidence that adaptive methods are detrimental to machine learning. Reddi et al. [30] found that Adam may not converge in some cases, and stochastic gradient descent (SGD) [31] or SGDM are still the dominant optimization methods.

The stochastic gradient descent update strategy with momentum is as follows:
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Strategy for updating the learning rate: we also hope to reduce the risk of the learning process into the saddle surface. In this experiment, we use a cosine annealing learning rate decay strategy to periodically update the learning rate. The following is how the learning rate update strategy works in Eq. (4), 
lr0
denotes the initial learning rate, 
etamin
denotes the lower bound of learning rate, 
Tmax
is the number of iterations required for one cosine cycle, 
epochi
denotes the location of the current iteration, 
LRsch
denotes the standard cosine annealing strategy, and 
LRwarm
represents 
epochi
resets the learning rate after reaching the 
Tmax
period, which makes the network converge rapidly, and the learning rate is smaller in the late training period, which makes the network converge to the optimal solution better. better converge to the optimal solution.


LRsch(epochi,Tmax,etamin)=etamin+0.5∗(lr0−etamin)∗(1+cos(epochTmax))LRwarm(epochi,Tmax,etamin)={lr0ifepochi=TmaxLRsch(epochi,Tmax,etamin)ifepochi≠Tmax
(4)

The complete update process algorithm is as follows:
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5.1 Metrics

In this section, evaluation metrics widely used in the CV field are introduced and applied to the downscaled evaluation results of the meteorological element field in this paper. 
MSE
is the most commonly adopted in machine learning as shown in Eq. (5), which indicates the error square of the current generated image 
G(z)
and the reference image 
x
. The smaller the 
MSE
, the smaller the Euclidean distance between the generated image and the real image.


MSE=1mb∑i=0mb∥G(z(i),n(i))−x(i)∥2T∗1∗W∗H
(5)

For tasks with super-resolution, the mean square error has limitations, and it has been shown that using the root mean square error as the primary loss function loses high-frequency information from the image. The Peak Signal-to-noise Ratio (PSNR, shown by Eq. (6)) is the ratio between the maximum power of the signal and the signal noise power to measure the quality of the reconstructed image that has been compressed, usually expressed in decibels (dB), the higher the PSNR index, the better the image quality, 
MAXI2
represents the maximum value, which is set to 255 in RGB images, while for meteorological elements, we will set the element field according to the history to 50.


PSNR=10⋅log10MAXI2MSE
(6)

MSE, PSNR is not consistent with the actual visual perception of human eyes, we also applied Structural Similarity (SSIM) [32] as the evaluation metric, the SSIM algorithm is designed to consider the visual characteristics of human eyes, which is more consistent with the visual perception of human eyes than the traditional way, it is a measure of the similarity of two images, and the value range is [0,1], the larger the value of SSIM, it means less distortion or better quality of the image. The higher SSIM, the less distorted the better quality. SSIM is calculated as in Eq. (7), where 
μ
denotes the image mean, 
σ
denotes the covariance, and 
C
is a constant to avoid numerical crashes.


Zout=G(Z,N)L(Zout,X)=2μzμx+C1μz2+μx2+C1C(Zout,X)=2σzσx+C2σz2+σx2+C2S(Zout,X)=σzx+C3σzσx+C3SSIM(Zout,X)=L(Zout,X)×C(Zout,X)×S(Zout,X)
(7)

5.2 Convergence Verification

We verified the convergence of the GAN by empirical methods, observing the average metric performance of the output of the generator 
G
to the real labels during the training process, and for the output of the discriminator, considering the proof of [9] for the convergence of Nash equilibrium in GAN networks, we calculated 
D∗(X,Zout)
at each step of the training process, with the formula shown in Eq. (8), assuming that the image produced by 
Zout
is exactly the same as the real image 
X
, at this time, 
D∗(X,Zout)=0.5
, which indicates that the discriminator cannot recognize the image as true or false, and the whole network is in Nash equilibrium and cannot continue learning. The details of the training process and the experimental description of the convergence point of the Nash equilibrium are described in 6.2.


Zout=G(Z,N)D∗(X,Zout)=D(X)D(X)+D(Zout)
(8)

6  Evaluation

6.1 Experimental Results

In this section, we compare the performance of interpolation methods (Bilinear, Bicubic) and GAN network methods on the test dataset (date from 2021-1-1 to 2021-5-31). To evaluate the generalization performance of our method with different parameters, we applied different 
T0
settings for the cosine annealing learning rate decay strategy and fixed other parameters including hyperparameters (such as the model initialization weight and learning rate) to demonstrate the results. As the evaluation results on the test set are shown in Fig. 7, the performance of the proposed model at 
T0=300
setting for all metrics performs better than the settings 
T0=150
and 
T0=100
. From a seasonal prespective, the average performance of the GAN network outperforms the interpolation methods between January and February, and the GAN network’s advantage becomes more apparent as days pass. We also include a comparison of SRGAN on the same test set, and the results on the test set show that our proposed model has improved performance in MSE, SSIM, and PSNR metrics for the majority of dates, which verifies the validity of the proposed model structure compared to GAN-based model.

[image: images]

Figure 7: Comparison of MSE, PSNR, and SSIM performance of GAN-based and interpolation methods

We sampled 3 days of the test dataset (Date: 1–1, 3–7, 5–31) to represent the results of the Pre-, mid-and-late period, respectively, and the actual performance of downscaling is shown in Fig. 8, we can see that in the Pre-period, the proposed model is visually insignificantly distinct from other methods, still has slightly better performance. As the days increase, the advantages of our GAN model gradually apparent, capable of restoring more detailes.

[image: images]

Figure 8: Test set sampling results performance

6.2 Training Details

We fix the parameters of the optimizer and the network weights’ initial except the learning rate decay strategy, using the SGD optimizer with 0.2 momenta, the initial learning rate is 0.005, and the number of iterations is set to 300. The performance of each metric during the training process is recorded as shown in Fig. 9 and the result is shown in Tab. 1, where the learning rate is represented by the last line, and the others represent MSE, PSNR, SSIM and 
D∗(X,Zout)
, respectively. It can be seen that the neural network is more sensitive to different T0, and when the learning rate is reset in the middle of training the training will show large fluctuations, for example, 
T0=150
and 
T0=100
. The MSE blank indicates that exceed 100 is not shown in Fig, and the PSNR is at a low level in the blank interval. For the verification of convergence, the value of 
D∗(X,Zout)
can eventually converge approximately 0.5 as the number of training increases for different 
T0
. Tab. 1 shows the overall performance of the different models and SRGAN in the test set. The results show that the performance of the model proposed in this paper is better than that of the interpolation method and SRGAN.

[image: images]

Figure 9: The performance of each index during the training process for different 
T0
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7  Conclusion

GAN is one of the most prominent deep learning approaches and has made significant progress in image and video super-resolution. The enhancement of resolution has wide applicability in observation and model data processing in climate science. This work addresses the growing demand by generating a conditional super-resolution GAN that operates on a 2-dimensional image sequence for each input. Rather than processing each image independently in a sequence, our generator and discriminator structures develop the concept of recurrent neural networks to apply to temporal data, the results demonstrate that GAN network-based models generally outperform traditional interpolation methods, while our proposed GAN network performs better than the ordinary GAN-based model.

The proposed model also has limitations. Since it is a GAN-based model, the limitations that exist in GAN networks are also potential threats to our model: (1) Model parameters oscillate, falter, and do not converge, although it did not appear in our experiments, it is still something that should be taken seriously. (2) The complexity of the model is higher compared to SRGAN, and the training and inference speed is not advantageous compared to it. (3) It is limited by the complexity of the model, which requires sufficient time or rounds to adequately converge. (4) The current magnification is not flexible enough; it hopes to be able to further expand in more applications.
1.    Optimization of the network structure to improve performance and memory usage.

2.    Generalization of different scale factors, producing high-resolution images with multiple scale factors at once (the current version is specific to a factor of 8), although it is possible to switch flexibly between 2x or 4x, all require the support of the dataset and retraining, while for the output is not able to output multiple for once time.

3.    It is preferable to implement frame insertion in the temporal dimension in addition to the spatial dimension.

4.    Extrapolation of time series to allow short-term prediction for prospects.

5.    Employing auxiliary variables may prompt the output of the generator to approximate the real distribution better. For example, the altitude is input to our network as an auxiliary variable for fusing more meteorological-related information.
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Table 1: Comparison of the performance of different methods in the test set

RMSE PSNR SSIM
GAN TO0 =300 1.331 31.549 0.91
GAN TO0 =150 1.778 29.07 0.878
GAN TO0 =100 1.591 30.013 0.887
SRGAN 2.054 27.734 0.788
Bicubic 2.24 27.103 0.813
Bilinear 2.121 27.573 0.825
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Algorithm 2: Update G and D network weights

Input: dataset Data, model G, model D, integer eopchs, optimizer o pt, scheduler Ir_sch
Output: the latest generator and discriminator models G and D
for i of epochs do

for k of steps do

1. Sample minibatch of m;, low-resolution examples {z',z2,...,z™} from Data.

2. Sample minibatch of m; samples {nl 2 n"‘"} from noise.

3. Sample minibatch of m;, high-resolution examples {x',x?,...,x™ } correspond to from dataset Data.
4. Ggraq; < Calculate generator gradient by (2)

5. Go,, Gy — opt(Gy,_,, Gy-1,1r, B, Ggraq;) // Update the discriminator by descending

6. Dgyqq; < Calculate the discriminator gradient by (3)

7. Dy, D\i < opt (DHH ,Dyi1,Ir, B, ngdi) /I Update the discriminator by ascending

8. Ir « Ir_sch(i,lry) // Update the learning rate by (4)
end for
end for
return G, D;
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Algorithm 1: SGD wit momentum

Input: parameters of the previous step 0;, momentum v!, learning rate /r, momentum rate f3, gradience grad,
Output: the latest parameters 0,

1.v? « the momentum rate has subtracted the product of grad, and f - v! — Ir - grad,.
2. 0, « Update parameters 0; + 2.
3.return 05, V7
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