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Abstract: It is still a huge challenge for traditional Pareto-dominated many-objective optimization algorithms to solve many-objective optimization problems because these algorithms hardly maintain the balance between convergence and diversity and can only find a group of solutions focused on a small area on the Pareto front, resulting in poor performance of those algorithms. For this reason, we propose a reference vector-assisted algorithm with an adaptive niche dominance relation, for short MaOEA-AR. The new dominance relation forms a niche based on the angle between candidate solutions. By comparing these solutions, the solution with the best convergence is found to be the non-dominated solution to improve the selection pressure. In reproduction, a mutation strategy of k-bit crossover and hybrid mutation is used to generate high-quality offspring. On 23 test problems with up to 15-objective, we compared the proposed algorithm with five state-of-the-art algorithms. The experimental results verified that the proposed algorithm is competitive.
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1  Introduction

Many problems in practical applications can be seen as multi-objective optimization problems (MOPs), such as cloud computing [1], industrial copper burdening system [2], and engineering design [3,4]. Many-objective optimization problem (MaOP) [5] is a task that needs to simultaneously optimize m (m > 3) conflicting objectives. The mathematical form of MaOP is represented by Eq. (1).


{F(x)=(f1(x),f2(x),…,fm(x))Ts.t.x∈Ω(1)

where Ω∈Rn is the feasible search region of the decision vector x=(x1,x2,…,xn)T, f(x)∈Rm is the objective vector, and n is the number of decision variables. Generally, we assume that f(x) is a minimization problem. Due to the duality principle, the maximization problem can be transformed into the minimization problem. Unlike single-objective optimization, due to the conflicting nature of multi-objective functions, multi-objective optimization problems cannot obtain a single optimal solution, but a group of compromise solutions. These compromise solutions form Pareto set (PS) in the decision space and map to the corresponding Pareto front (PF) in the objective space.

Owing to the strong population-based search properties of multi-objective evolutionary algorithms (MOEAs), they can be solved efficiently for MOPs. However, when encountering MaOPs, the performance of MOEA will deteriorate rapidly due to the curse of dimensional [6]. Researchers have developed new algorithms to solve MaOPs. It can be classified into four types: Convergence enhancement, Decomposition-based, Indicator-based and Secondary selection criteria.

The first category includes various convergence enhancement methods. The convergence pressure loss of most traditional MOEAs is the direct result of the inability to distinguish the traditional dominance relation. The most direct convergence enhancement method is to modify the dominance relation to improve the selection pressure. For example, ϵ-dominance [7] compares the dominance relation between solutions using relaxation factors; Yang et al. [8] proposed a grid-based method to choose solutions with a greater dominance priority and control the percentage of Pareto optimal solutions by changing the grid size.

The second category refers to Decomposition-based algorithms that decompose the MOP into multiple single-objective optimization problems. For example, the Multi-objective evolutionary algorithm based on decomposition (MOEA/D) [9] proposed by Zhang and Li decomposes m-objective MOP/MaOP into m single-objective problems for simultaneous optimization. Then, each sub-problem is then handled in a surrounding region that is bound by its associated reference vector. Another decomposition method involves decomposing the complicated MOP/MaOP into multiple simpler MOPs. For example, MOEA/D based on MOP to MOP (MOEA/D-M2M) [10] divides the entire PF into a set of segments, and each of which can be regarded as a separate issue. And many algorithms have been proposed based on the decomposition [11].

The third category is indicator-based methods [12], which proposes a number of MOEAs based on hypervolume (HV). Their main disadvantage is the high computational complexity of HV, especially when solving the MaOP. Sun et al. [13] introduced an Inverse Generation Distance (IGD) indicator in MOEA to solve the MaOP with up to 20-objective. An evolutionary algorithm (IGD+EMOA) based on inverse generation distance plus (IGD+) indicator was proposed [14] to solve the MaOP with up to 8-objective. The IGD+ indicator is a variant of the IGD.

The fourth category is characterized by a combination of Pareto dominance and other selection criteria. These methods choose high ranking non-dominated solutions based on Pareto dominance first, and then use the secondary selection criterion to distinguish non-comparable candidates. Existing methods in this genre mainly employ three typical ideas. The first is to develop new criteria to support methods with good convergence and diversity in non-comparable candidate solutions, such as Promising-region based EMO algorithm (PREA) [15]. The second idea is to use performance indicators to distinguish the quality of non-comparable candidate solutions by selecting those with great contributions, such as the Kriging-assisted Two_Arch2 (KTA-2) [16]. The typical algorithm of the third idea is Many-objective evolutionary algorithm based on dominance and decomposition (MOEA/DD) [17], which combines Pareto dominance with decomposition-based algorithms.

The existing four classes of methods have been able to solve many-objective optimization problems well, but there are still various shortcomings. Decomposition-based algorithms are seriously affected by the weight vector setting, and the computational complexity of indicator-based algorithms is high. Most MaOEAs mainly improve the performance of the algorithm from the perspective of environmental selection, and little attention has been paid to offspring generation. In addition, as far as most dominance relations are concerned, some methods can easily generate the solution set concentrated in a small region of the Pareto front. Considering these issues, in this paper, we propose a reference vector-assisted many-objective optimization algorithm with adaptive niche dominance relations (MaOEA-AR). First using k-bit crossover [18] and hybrid mutation in the mating strategy to generate high-quality offspring. Using a new dominance relation to select non-dominated solutions in environmental selection, and then using angle penalized distance (APD) [19] to further balance convergence and diversity. The contributions of this study are summarized as follows:

1.    A new dominance relation, called the adaptive niche dominance relation (A-NDR), is proposed for many-objective optimization. By developing niche techniques based on the angle between candidate solutions and having just one candidate solution with the best convergence in each niche, A-NDR balances convergence and diversity, where convergence is calculated in terms of the PF shape adaptively by selecting the convergence indicator. The proposed A-NDR is parameter-free since the size of the niche is determined adaptively by the distribution of candidate solutions.

2.    Mating selection also uses the niche mating method to select neighbor solutions in the objective space, the k-bit crossover to avoid the generation of the identical offspring to the parents and to improve the quality of the parents, and hybrid mutation to produce high-quality offspring.

The rest of this paper is structured as follows. The proposed algorithm is further explained in Section 2. The experimental design and some of the data analysis are presented in Section 3. Finally, Section 4 presents the conclusions and outlook for the future. The related works, motivation, some of the experimental results and analyses of this paper are given in the Supplementary Material.

2  Proposed Algorithm

This section describes the proposed algorithm MaOEA-AR in detail. First, the general framework of the algorithm is given. The reproduction strategy was then discussed. Subsequently, we describe the environment selection, as well as the adaptive niche dominance relation and angle penalty distance used in the environment selection.

2.1 Framework of MaOEA-AR

The details of the general framework of the proposed MaOEA-AR are presented in Algorithm 1. First, initialize (lines 1–3) to generate a set of uniformly distributed reference vectors, initial populations, and train the initial improved growing neural gas (iGNG) net [20] using reference vectors with associated solutions. Copy the non-dominant solution from the initial population into archive A. Then, k-bit crossover and hybrid mutation are used to generate high-quality parent and offspring (lines 5–6, Algorithm 2 and Algorithm 3) individuals and update archive A. The solution in archive A and the solution in the current population are used as input data to train the iGNG network and set the weights of nodes. Finally, in the environment selection (Algorithm 4), N solutions are selected from the joint population of the current and its offspring using adaptive niche dominance relation and angle penalty distance.
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2.2 Reproduction

As shown in Algorithm 2, in lines 1–12, the niche mating randomly selects 80% or 20% of the parent individuals from local neighbors or whole populations, which is similar to the traditional setting [21], to avoid reproducing the same offspring as the parents. Niche is a more stable and effect way to exchange evolutionary information between two solutions with similar objective vectors. In line 3, the solution is selected by normalizing the objective values to the same range to ensure fairness. In lines 13–20, k-bit crossover randomly modifies at least one but not more than (|j|−1) decision variables between one or two parent individuals. Then, we perform mutation operation (Algorithm 3).
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Algorithm 3 describes the hybrid mutation method in detail, in which the mutation and the traditional mutation are randomly applied at a set ratio of 20% and 80%, respectively. We have no attempt to find the best ratio, but the probability of using the traditional bit-wise mutation method should be set relatively larger, because it provides a more general and stable variation. It is worth noting that c1 and c0 in line 3 and line 9 are not indicator of candidate solutions but indicator of genes with values of 1 or 0 in the decision vector of a solution. Furthermore, the specific mutation in Algorithm 3 is very simple. The index only needs to be flipped, and the specific gene represented by c1(k) in line 6 or t in line 15 changes from 1 to 0 or 0 to 1.

2.3 Environmental Selection

The environmental selection process is presented in Algorithm 4. The environmental selection consisted of three main parts. The first part combined the populations and archives for selection. The second is to perform an adaptive niche dominance relation ranking to locate key layers. The third is the APD selection, which is the same as in [19]. Here, we use the adaptive niche dominance relation to identify non-dominated solutions in the population and remove extreme solutions with a large Euclidean distances from the ideal point. The number of solutions in the population after APD selection may be greater than N. Therefore, we will remove the crowded solutions to improve the diversity of the population. Finally, the solutions with the smallest Euclidean distance to their neighbors are removed individually until the number of solutions equals N.

[image: images]

2.3.1 Adaptive Niche Dominance Relation

Inspired by the literature [22], we propose an adaptive niche dominance relation (A-NDR) to balance the convergence and diversity of non-dominated solutions using the niche technique in this study. Specifically, in the A-NDR, if and only if


{Con(x)<Con(y),αxy<α¯Con(x)⋅αxyα¯<Con(y),αxy>α¯(2)

where αxy denotes the acute angle between the objective values of the two candidate solutions, namely,


αxy=arccos⁡(f(x),f(y))(3)

and α¯ is the size of the niche in which each candidate solution is located, which can be adjusted to the size of the niche adaptive, so that the candidate solutions concentrate on non-dominated solutions at a rate of approximately 50%, α¯ is set to the ⌊|P|2⌋-th smallest element of {mini∈P∖{j}αij|i∈P}, αij denotes the acute angle between any pair of candidate solutions. Eq. (2) shows that, each candidate solution x in the population has a niche with size α¯, and the dominance relationship related to the candidate solution x is determined by mainly considering the candidate solutions in its niche. According to the first formula in (2), if the angle between any x and a candidate solution y is smaller than α¯, x is said to dominate y once the convergence degree of x is smaller than that of y. It means that, inside each niche, since there do not exist two non-dominated solutions having a smaller angle than α¯, the diversity of the non-dominated solution set is naturally preserved. Because the PF is unknown prior, and the PF shape will seriously affect the performance of the algorithm, the ratio q=d/d¯ of the distance from the ideal point to the solution and the distance from the ideal point to the hyperplane is used to determine the shape of the PF [23], where


{d=||x||d¯=|∑i=1mfi′′(x)−1|m(4)

fi′′(x) is the objective function after normalization using the standardized method in [24]. According to the different PF shapes, q values can be taken as >1, =1 and <1, as shown in Fig. 1, and different convergence indicators are selected according to q values.

[image: images]

Figure 1: Describes an example of PF shape estimation. Given three solutions p1, p2 and p3 in the bi-objective space, respectively, denote the solutions under different shapes of PF


con(x)={∑i=1m|fi(x)−zi∗|,q>1max1<i<m|fi(x)−zi∗|,q<1∑i=1mfi(x),q=1(5)

It can be seen from Eq. (5) that each solution in the population has a niche of size α¯, and the dominance relation associated with candidate solution x is determined mainly by considering the candidate solution in their niche. If the angle between any x and y is less than α¯, then x is considered to dominate y when c(x)<c(y). If two solutions are not in the same niche, i.e., αxy>α¯, and if y converges much worse than x, then it is considered that x can still dominate y. The probability that x dominates y is negatively correlated with αxy. This can guarantee a better convergence of non-dominated solutions. Fig. 2 shows the dominant region obtained by A-NDR in the bi-objective space. There are two different cases: One is that y1 is in the x dominant region, and the convergence degree is worse than x, x is better than y1; the other is that y2 is outside the niche, but its convergence is worse than x, so x still dominates y2.

[image: images]

Figure 2: Dominant region of the solution obtained by A-NDR in bi-objective spaces

2.3.2 Angle Penalized Distance

The objective function is converted to the same range by using Eq. (6).


fi′(x)=fi(x)−zinad(6)

divide population P into N sub-populations P1,P2,P3,...,PN associating each individual with its nearest reference vector. As shown in Fig. 3, the angle between an individual and vector v2 is smaller, associating the individual with v2.

[image: images]

Figure 3: Individual and reference vector association diagram

The relation between the two sub-spaces is measured by the cosine value of the acute angle.


cos⁡αi,j=fi′(x)−vj||fi′(x)||(7)

where cos⁡αi,j is the angle between fi′(x) and vj. If and only if the angle between them is the smallest among all the reference vectors, that is, when the cosine value is the largest, the individual is assigned to the sub-population where vector vj is located. After dividing the population, an elite individual from each sub-population is selected to continue participating in the next generation. We used the APD [19] to select elite individuals.


di,j=(1+P(αi,j))⋅||fi′(x)||(8)

where P(αi,j) is the αi,j correlated penalty function.


P(αi,j)=m⋅(ttmax)θ⋅αi,jφvj(9)

and

φvj=mini={1,…,N},i≠j<vi, vj>(10)

where tmax denotes the predefined maximum number of iterations. φvj is the minimum angle value between the reference vector vi and other vectors in the current generation. θ is a user-defined control P(αi,j) parameter. Consistent with the setting in [19], θ = 2. In the early stage of evolution, P(αi,j) is close to 0, and convergence is emphasized, whereas in the late stage of evolution, the effect of P(αi,j) on di,j gradually increases, and the distribution of the solution is emphasized.

2.4 Computational Complexity

MaOEA-AR consists of three main components: (1) Reproduction (k-bit crossover), (2) Hybrid mutation, and (3) Environmental selection. Details of the complexity analysis of these three components are given below. The complexity of reproduction (Algorithm 3) is concentrated in lines 6–20 of Algorithm 2, which has a complexity of O(N), since each execution requires the selection of an excellent parent individual from a population of N, where N is the size of the population. Hybrid mutation requires the selection of a proportion of parents from local neighbour or from the whole population to be mutated, and therefore requires O(|Q|∗|c1|∗D), where |Q| is the size of the offspring, |c1| is the gene that has been mutated, and D is the size of the offspring that has been mutated. The complexity of the environment selection depends on both A-NDR (line 2 of Algorithm 4) and APD (lines 3–7 of Algorithm 4). The complexity of A-NDR is determined by the PF estimation, which has a computational complexity of O(mN2), where m is the number of objectives. APD hold a computational complexity of O(mN2) in the worst case. Therefore, the complexity of environment selection is O(mN2). In summary, the overall computational complexity of MaOEA-AR is O(mN2).

3  Experimental Studies

In this section, we experiments on 23 benchmark test problems from three widely used test suites (i.e., Benchmark MOP proposed by Deb, Thiele, Laumanns, and Zitzler (DTLZ) [25], MaF [26] and Benchmark MOP proposed by Walking Fish Group (WFG) [27]) to compare MaOEA-AR with five state-of-the-art algorithms (i.e., Many-objective evolutionary algorithms based on an independent two-stage (MaOEA-IT) [28], IGD based many-objective evolutionary algorithm (MaOEA-IGD) [13], Many-objective evolutionary algorithm based on objective space reduction (MaOEA-RD) [29], MOEA/D with update when required (MOEA/D-UR) [30] and MOEA/D [9]). We chose the commonly used comprehensive evaluation indicators HV [31] and IGD [32]. The experiments were conducted on Evolutionary multi-objective optimization platform (PlatEMO) [33], and the comparison algorithm was obtained from the platform.

3.1 Benchmark Test Problem

On the 23 benchmark problems of DTLZ, MaF and WFG test suite, we compared the proposed algorithm with the five state-of-the-art algorithms. All problems in the DTLZ and WFG test suites can have any set of decision variable dimensions and objective numbers. MaF was proposed by Cheng et al. [26] in 2017 and includes various representative problems in the real-world. Its test suite contains 15 multi-objective optimization problems chosen by MaF 1–7 to evaluate the algorithm’s performance in solving complex problems. Some properties of these benchmark function suites are listed in Table 1.
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3.2 Performance Indicator

With the continuous proposal of MaOEAs, evaluating the performance of MaOEA has also become an important research direction. When the algorithms solve MaOPs, it is necessary to quantify the performance of the algorithm through performance indicators, and to quantify the performance of one algorithm in comparison with the performance of other algorithms. The comprehensive indicators HV and IGD are the most often utilized indicators. Based on the magnitude of the range covered by the PS computed by the algorithm in the objective space, HV is used to evaluate convergence and diversity. By evaluating the similarity between the true PF and the PF generated by the algorithm, the IGD evaluates convergence and diversity. In general, the algorithm performs better the lower the IGD value, whereas the opposite is true for HV. In this study, we use these two indicators to evaluate the performance of the proposed MaOEA-AR, as shown in Eqs. (11) and (12).


HV=volume(∪i=1|PF|⁡vi)(11)


IGD(PF∗,PF)=∑i∈PF∗d(i,PF)|PF∗|(12)

where PF is obtained by algorithm, PF∗ is the standard Pareto front, vi is the hypervolume formed by the reference points and the individuals, d(i,PF) is the Euclidean distance between the individual i on the PF and the nearest individual i, and |PF∗| denotes the total number of points on the true Pareto front.

3.3 Experiment Setting

Population size N: In algorithms for reference vector or point generation, a two-layer strategy is usually used to generate uniformly distributed reference points N to avoid generating too many reference points, which is determined by N=Ch1+m−1m−1+Ch2+m−1m−1, where h1 and h2 are the partition parameters of the inner and outer layers, respectively. As in [33], we set the population size equal to the number N of reference points. In this study, we set the objectives as m = 5, 8, 10 and 15. Table 2 provides the details of the corresponding population size and partition parameters.

[image: images]

Numbers of run and stop conditions: To obtain reliable experimental results, we ran each algorithm 20 times independently on each test instance. This end when the maximum number of function evaluations (maxFEs) is reached. To ensure that each algorithm converges, we uniformly set the maxFEs at 100,000 for each test instance.

Operator parameter settings: The crossover probability pc and mutation probability pm are set to 1.0 and 1/n, respectively, and n is the number of decision variables. The distribution indicator of crossover operator ηc and mutation operator ηm is set to 20. To achieve the best performance of the comparison algorithm, we set the crossover probability pc of MaOEA-IGD to 0.9.

Two parameters in MaOEA-AR require to be predefined, i.e., the user-defined parameter θ that controls the rate of change of the penalty function in Eq. (9), and the parameters fr controlling the frequency of reference vector updates in Algorithm 1. In this paper, θ=2 makes APD work well on a variety of problems with different numbers of objectives without changing the settings. fr=0.1 is used to deal with different target scales, and we adjust the reference vector after fr∗Gmax each generation. Detailed parametric sensitivity analyses for θ and fr are provided in Supplementary Materials III of [20].

3.4 Experimental Results Analysis

In this section, we analyze and evaluate the MaOEA-AR based on the statistical results of 20 independent runs of each algorithm on 16 benchmark problems (92 test instances). Wilcoxon rank sum test is used to compare the difference between the average value obtained by MaOEA-AR and the other five algorithms. The significance level was 0.05, and the ‘+’, ‘−’ and ‘=’ in the table indicate that the performance of other algorithms is significantly better, significantly lower, and no different than MaOEA-AR. Table 3 exhibits the performance of MaOEA-AR on 23 benchmark problems with five comparison algorithms, and the Wilcoxon rank-sum test of MaOEA-AR on the test instances is shown in Fig. 4. It can be seen that MaOEA-AR has strong competitiveness for both HV and IGD.
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Figure 4: Wilcoxon rank sum test of MaOEA-AR on test instances in terms of HV and IGD

In this paper we conducted 5 groups of experiments to verify the performance of the algorithm and the effectiveness of each strategy. We conducted experiments on all three benchmark test suites, DTLZ, MaF and WFG. The results and analyses of the first group of DTLZ benchmark experiments and the second group of MaF benchmark experiments are given in the Supplementary Material, and the results and analyses of the third group of WFG benchmark experiments are given below. The 4th group of experiments are ablation experiments to validate the performance of the A-NDR and k-bit crossover strategies and the analysis of their results are also given in the Supplementary Material. The fifth group of experiments was designed to validate the algorithm’s ability to solve real-world problems, and in the following we give the results and analyses of the experiments that dealt with three real-world problems.

3.4.1 Performance on WFG

The experimental statistics of the six algorithms on the WFG test problem are given in Tables 4 and 5. MaOEA-AR has performed very competitively on most problems. In Table 4, we can see that WFG2 is a difficult problem, where PF is disconnected. Similar to other algorithms, MaOEA-AR does not handle this problem well, but MOEA/D-UR can solve the WFG2 problem well and obtain the best performance on its objectives in any dimension. This is because the decomposition-based algorithm predefines a set of well-distributed weight vectors that improve the diversity of the solutions obtained, in addition, the algorithm uses a specific mechanism to maintain a good balance between diversity and convergence. MaOEA-AR obtained 23 optimal values on 36 test problems, and optimal values on any dimension of the objective in WFG4, WFG5, WFG7 and WFG9. MOEA/D-UR followed closely behind, obtaining 11 optimal values. Only two optimal values were obtained for MaOEA-IGD. MaOEA-IT, MaOEA-RD and MOEA/D did not obtain optimal values. There are several reasons for this phenomenon: First, at mating selection, k-bit crossover was used to select excellent paternal individuals and a hybrid mutation strategy was used to generate high-quality offspring individuals; Secondly, the proposed A-NDR improves the selection pressure of the algorithm and ensures that the population can converge. Table 5 lists the IGD values for the six algorithms on the WFG problem. MaOEA-AR can handle all WFG problems except WFG3 very well. WFG3 is a difficult problem in which the PF is degenerate and the decision variables are non-separable. Similar to other algorithms, MaOEA-AR does not handle this problem well, but MOEA/D-UR can solve the WFG3 problem well and obtain the best performance on its objectives in any dimension. To better observe the performance of the six algorithms on the WFG problem, we chose to plot the PF obtained by each algorithm on a WFG9 of 15-objective. The PF of WFG9 is biased, multi-modal, deceptive and in-separable. It can be seen that MaOEA-AR, MOEA/D-UR and MaOEA-IGD have similar distributions, but MaOEA-AR has better performance. It not only converges to the true PF, but covers the true PF more extensively, indicating that it has better diversity. The second best is MOEA/D-UR, which also converges well to true PF, but does not cover 1-3-objective well and does not fully converge on 13-objective. This is followed by MaOEA-IGD, which also converges well to true PF but does not have good coverage on 5-15-objective. However, the PFs obtained by MaOEA-IT, MaOEA-RD and MOEA/D hardly cover the true PF. In addition, in Figs. 4 and 5, we can see that the visualization in the high-dimensional objective space is very poor, so we show in Fig. 6 the performance of each algorithm on the 3-objective problem, where the more complex WFG9 is still chosen for the test problem. Compared to other algorithms, the solutions obtained by MaOEA-AR in the figure cover the entire PF with a wide and uniform coverage. MOEA/D-UR, MaOEA-RD and MOEA/D can also cover the entire PF, but not uniformly. The solutions of MOEA/-UR and MOEA/D are concentrated around the second objective. The MaOEA-IT solution, on the other hand, is concentrated in the middle region and is less diverse. The solutions of MaOEA-IGD are distributed at the vertices of the three objectives.
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Figure 5: Distribution of solutions on WFG9 with 15-objective
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Figure 6: Distribution of solutions on WFG9 with 3-objective

To observe the evolution of the algorithms, the evolutionary trajectory of the IGD values of the experimental results obtained using the five state-of-the-art algorithms and MaOEA-AR on the 10-objectives DTLZ4, WFG4 and WFG9 are shown in Fig. 7. In these plots, the X-axis denotes the number of functional assessments, and the Y-axis denotes the value of the IGD indicator, with the data used for plotting obtained from the data closest to the average IGD value. Throughout the evolutionary process, MaOEA-AR significantly outperformed other algorithms on the DTLZ4, WFG4 and WFG9 problems, which makes it competitive in terms of the balance between convergence and diversity. It is clear from Fig. 7 that MaOEA-AR all converge very quickly and are more robust than the other five algorithms. MaOEA-AR converges steadily and rapidly during the evolution. This is because the population itself dynamically guides its evolution towards PF, and A-NDR accelerates its convergence.

[image: images]

Figure 7: Convergence curves of the algorithms IGD on DTLZ4, WFG4 and WFG9 with 10-objective

3.4.2 Performance on Real-World Applications

To verify the algorithm’s ability to solve real-world optimization problems, three of the many-objective test problems from the RE test suite were selected to validate MaOEA-AR’s ability to solve real-world problems. The RE test suite consists of 16 real-world problems with bounded constraints, we have chosen among them RE4-7-1, RE4-6-2 and RE6-3-1 for experiments, whose corresponding real-world problems and their characteristics are given in Table 6. We refer to the settings in [34], where the population size is 120 when m = 4, and when m = 6, the population size is 182. The other parameters for each algorithm are set as shown in Section 3.3. In [35], it was noted that setting maxFEs to a small value estimates the performance of the algorithm on expensive problems. We referenced this study and also set the maxFEs to 10,000 in our experiments. Table 7 lists the HV averages obtained from 20 independent runs of the six algorithms on three real-world problems. The MaOEA-IGD solution on the RE4-6-2 problem deviates from the true PF and obtains a HV value of NaN. The experimental results show that MaOEA-AR significantly outperforms the other five algorithms.
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The above experimental results show that MaOEA-AR has strong competitiveness in these conventional problems and some real-world representative problems. This can be explained by the fact that our adaptive niche dominance relation is different from the traditional Pareto dominance relations and the existing improved dominance. Most dominance relations can only find a set of solutions concentrated in a small area on the Pareto front. In this study, we used a customized niche technique to balance the diversity of non-dominated convergence, which generates selection pressure even in the high-dimensional objective space, and comparability between non-dominated solutions, alleviating the dominance resistance phenomenon. In the process of generating offspring, we used k-bit crossover and hybrid mutation instead of traditional mutation operators to generate high-quality offspring, which further improves the selection pressure of the algorithm. In addition, we used the APD to dynamically balance the convergence and diversity of the algorithm during environment selection. However, MaOEA-AR is less effective at dealing with degenerate and irregular problems.

4  Conclusions

In this study, we proposed a reference vector-assisted algorithm MaOEA-AR with an adaptive niche dominance relation to solve MaOPs. We balance the convergence and diversity of the non-dominated solution set by a customized niche technique, where the convergence indicator is determined by the ratio of the distance from the ideal point to the solution and the distance from the ideal point to the hyperplane to select the appropriate convergence indicator by determining the PF shape to maximize the selection pressure of the algorithm. When reproducing offspring are generated, k-bit crossover and hybrid mutations are selected to generate high-quality offspring. Finally, in environment selection, the APD is used to sample solutions with good convergence and diversity. MaOEA-AR was tested with five state-of-the-art algorithms with up to 15-objective on 23 test problems in the DTLZ, MaF and WFG benchmark test suites, as well as on three test problems from the real-world test set RE. The experimental results show that the performance of MaOEA-AR is significantly better than the other five algorithms and has strong competitiveness. In the future, we will optimize the performance of the algorithm to solve degenerate and discontinuous problems, and apply the algorithm to more practical applications.
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Table 3: The proportion of the 23 test problems (92 test instances) where MaOEA-AR is better than,
worse than, or equal to each algorithm on HV and IGD indicators, respectively

MaOEA-AR vs. MOEA/D-UR  MaOEA-IT MaOEA/IGD MaOEA-RD MOEA/D
+ 14/92 0/92 6/92 3/92 13/92
HV - 63/92 88/92 79192 84/92 75192
= 13/92 4/92 7192 5192 4/92
+ 9/92 0/92 3/92 2/92 15/92
IGD - 79192 91/92 84/92 88/92 71/92

= 4/92 1/92 5192 2/92 6/92
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Table 4: Comparison of HV among the 6 algorithms on benchmarks WEG with 5-; 8-, 10-and 15-

objective
Problem m MOEA/D-UR MaOEA-IT MaOEA-IGD MaOEA-RD MOEA/D MaOEA-AR
5 9.9575¢ — 1 2.2125¢ — 1 3.9377e — 1 7.2313e — 1 9.5018e — 1 9.8928e — 1
(62le—4)+ (76e—2)— (179 —1)— (32le—1)— (1.64e —2)— (5.00e — 3)
WFG1 8 9.994% — 1 1.7337e — 1 3.0366e — 1 8.0185¢ — 1 9.2923e — 1 9.8341e — 1
(1.62¢ —4)+ (435e—2)— (65le—2)— (1.52e—1)— (3.7le—3)— (2.8le—2)
10 9.564% — 1 6.2668¢ — 2 6.9708e — 1 8.0610e — 1 9.3081e — 1 9.7236e — 1
(472 —2)— (4.24e—2)— (220e —1)— (1.27e—1)— (1.38¢e —2) — (4.06e — 2)
15 9.9981e — 1 5.1150e — 2 5.7730e — 1 5.4433e — 1 8.5140e — 1 9.9333e — 1
(146e —4)+ (291e—2)— (26le—1)— (240e—1)— (7.83e —2)— (1.3le—3)
5 9.9442¢ — 1 6.0826e — 1 9.1639% — 1 9.7174e — 1 9.5935¢ — 1 9.7691e — 1
(7.10e —4)+ (439 —2)— (3.80e —2)— (3.29¢e —3)—  (5.26e —3)— (3.49¢ — 3)
WFG2 8 9.9685¢ — 1 5.9328e — 1 9.5300e — 1 9.4339%¢ — 1 9.2554e — 1 9.8132¢ — 1
(9.18¢ —4)+ (294 —2)— (649 —2)= (3.02¢—2)— (8.70e —3)— (3.67¢ — 3)
10 9.9519% — 1 6.0632e — 1 9.6412e — 1 9.6121e — 1 9.2660e — 1 9.8484e — 1
(1.0de —3)+ (238 —2)— (538e—2)= (237e—2)— (4.74e—3)— (3.07¢ — 3)
15 9.938% — 1 5.4980e — 1 9.0111e — 1 9.6330e — 1 9.1806e — 1 9.8165¢ — 1
(252 —3)+ (3.56e—2)— (9.59e —2)— (142 —2)— (8.76e —3)— (2.99¢ — 3)
5 2.7544e — 1 1.0231e — 3 8.6503e — 2 1.0523e — 3 3.9355 -2 1.036% — 1
(148 —3)+ (226e—3)— (27le—3)— (47le—3)— (3.38¢—2)— (1.66e —2)
WFG3 8 1.4432¢ — 1 0.0000e + 0 1.8237¢ — 2 0.0000e + 0 0.0000e + 0 0.0000e + 0
(23% —2)+ (0.00e+0)= (2.17e—2)4+ (0.00e +0)=  (0.00e +0)= (0.00e + 0)
10 0.0000e + 0 0.0000e +0  2.6703e — 3 0.0000e + 0 0.0000e + 0 0.0000e + 0
(0.00e +0)=  (0.00e+0)= (6.76e —3)+ (0.00e +0)=  (0.00e +0)= (0.00e + 0)
15 0.0000e + 0 0.0000e + 0  0.0000e + O 0.0000e + 0 0.0000e + 0 0.0000e + 0
(0.00e +0)=  (0.00e+0)= (0.00e +0)= (0.00e +0)=  (0.00e +0)= (0.00e + 0)
5 7.8587e — 1 3.1170e — 1 1.1122e — 1 6.3024e — 1 7.1287e — 1 7.9465¢ — 1
(222e—3)— (9.79e—2)— (3.62e—2)— (9.76e —3)— (1.52e —2) — (5.97e — 3)
WFG4 8 8.8751e — 1 2.9207e — 1 9.916le — 2 5.9808e — 1 4.3386e — 1 8.7816e — 1
(342 —3)— (9.84e —2)— (2.54e—2)— (8.66e —2) —  (6.06e —2) — (4.02¢ — 2)
10 9.0513e — 1 3.6107e — 1 1.0702e — 1 6.4784e — 1 4.0437e — 1 8.9393e — 1
(552 —3)—  (7.60e —2) — (3.32e —2)— (9.34e —2)—  (4.84e —2) — (4.49¢ — 2)
15 9.2800e — 1 3.3088e — 1 1.1449 — 1 6.2322¢ — 1 3.1323e — 1 9.1531e — 1
(14le —2)— (243e—2)— (3.75e —2) — (7.55¢ —2) —  (4.93e —2) — (4.76e — 2)
5 72209 —1  28073%e—1 57233e—1  6.0235%c—1  6.7984e—1  7.5305¢ — |
(697¢—3)— (329 -2)— (145%e—1)— (1.1de—2)— (1.52e—2)— (4.98¢ —3)
WFG5 8 8.099e—1 27669 —1 14958 —1  49520e—1  5.1488¢—1  8.3679% — 1
(5246 —3)— (1.78¢—2)— (182 —1)— (423%e—2)— (19%—2)— (3.55% —2)
10 85740e—1  3.032—1 49755 —1  53218¢—1  48934e—1 85338 — 1
(338 —3)— (230e—2)— (Bl2—1)— (675¢—2)— (225¢—-2)— (5.13¢—2)
15  85768e—1  2438%e—1 12827e—1  4402le—1  33363e—1  8.4463¢ — |
(143 —2)— (L.1de—2)— (154e—1)— (1.05e—1)— (4.10e—2)— (6.48¢ —2)
5 7.2182¢ — 1 27278 —1  2.2582¢ — 1 5.5737¢ — 1 5.9400e — 1 7.3501e — 1
(227e—2)— (162 —2)— (889%e—2)— (1.70e—2)— (23le—2)— (2.19 —2)
WFG6 8 7.898%¢ — 1 2.6375¢e —1  2.891e — 1 4.7584e — 1 2.8591e—1  8.1388e — 1
(147e =2)— (3766 —2)— (199%—1)— (89% —2)— (247e—2)— (3.55 —2)
10 8.4320e — 1 3.0503¢e —1  4.0493¢ — 1 5.0365¢ — 1 2.4939¢ — 1  8.3615¢ —1
(250e—2)— (293 -2)— (174e—1)— (Llle—1)— (3.88e—2)— (5.05¢ —2)
15 8.3841e — 1 2.5900e —1  2.9965¢ — 1 5.4092¢ — 1 1.1966e — 1 8.1695¢ — 1
Ble—2)= (@7le—2)— Ql17Te—1)— (124e—1)— (434e—2)— (5.5 —2)
5 7.8663¢ — 1 3.3479¢ — 1 2.5433¢ — 1 5.8840e — 1 6.5768¢ — 1  8.0535 — 1
Q4de—3)— (1lle—2)— 456e—2)— (2.03—-2)— (993 —3)— (3.60 —3)
WFG7 8 8.8624¢ — 1 3.4025%¢ —1  2.2213¢ -1 4.2196e — 1 3.6718¢ —1  9.0299¢ — 1
(3.30e —3)— (2466 —2)— (9.60e—2)— (5.10e—2)— (32le—2)— (2.83¢—2)
10 9.3840e — 1 3.6967e —1  2.7484e — 1 3.9729¢ — 1 34512 — 1 9.3274e — 1
(1566 —3)— (325¢—2)— (1.65e—1)— (3.60e—2)— (L.ISe—2)— (2.78¢—2)
15 9.2500e — 1 3.2437e — 1 1.9348e — 1 2.3127e — 1 1.6982e — 1 9.5148e — 1
(216e —2)— (3.67e —2)— (6226 —-2)— (487e—2)— (4.30e—2)— (5.81e—13)
5 6.9200e — 1 2.6905e — 1 4.9468¢e — 2 4.9634e — 1 5.500de — 1  6.9491e — 1
432 -3)— (337e—-2)— (537e—-2)— (186e—2)— (B.1le—2)— (3.30e—3)
WFG8 8 7.9123¢ — 1 2.8066e — 1  1.5336e — 1 4.1211e — 1 9.5124e —2  8.239%¢ — 1
(592e —3)— (403 —2)— (643 —2)— (1.18&—1)— (6.88e—2)— (2.63¢—2)
10 8.4484¢ — 1 3.225le—1  2.5333¢ -1 4.7094e — 1 4.8096e —2  8.4460e — 1
(3.50e —3)= (328¢—2)— (6.14e—2)— (1.07e—1)— (297e—2)— (2.09% —2)
15 8.796%¢ — 1 2.7452¢ —1  1.7006e — 1 4.6699% — 1 2.4026e — 1 9.0415¢ — 1
(1276 —2)—  (448¢—2)— (686e—2)— (942¢—2)— (3.8% —1)— (5.08 —3)
5 7.3609¢ — 1 2.7612e —1  2.236% — 1 5.7629¢ — 1 6.0040e — 1 7.6473¢ — 1
(177e=3)— (178 —2)— (llle—=1)— (1.67e—2)— (4.04e—2)— (597 —3)
WFG9 8 7.9231e — 1 2.8491e —1  2.1298e — 1 4.1666e — 1 3.8567e — 1  8.3234e — 1
(2.54e —2)— (284 —2)— (176e—1)— (5566 —2)— (9.80e —2)— (3.37e—2)
10 8.1327¢ — 1 3.2807e —1  6.8156e — 1 4.4150e — 1 2.8962¢e — 1 8.5383e — 1
Blee—-2)— (1.77e-2)— (133 —-1)— (436e—2)— (1.04de—1)— (3.77e-2)
15 7.1961e — 1 2.6957Te —1  2.8284e — 1 3.9297¢ — 1 2.2646e — 1 8.3285¢ — 1
(588¢ —2)— (415 —2)— (196e—1)— (878 —2)— (1.6de—1)— (6.85¢—2)
+—-I= 9123/4 0/33/3 2/31/3 0/33/3 0/33/3
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Table 7: HV mean of 6 algorithms on RE4-7-1, RE4-6-2 and RE6-3-1 test problems

Problem m MOEA/D-UR  MaOEA-IT MaOEA-IGD MaOEA-RD MOEA/D  MaOEA-AR
RE4-7-1 4 2.3038¢ — 1 21082 — 1 14608 —1  9.616de —2  2.294le — 1  2.423% — |
(2.45¢ — 3) — (5.24e —3) — (4.60e —4) —  (7.56e —3) — (1.44e —3) — (7.03e — 4)
RE4-6-2 4 1.9236¢ — 1 1.8205¢ —1 17105 —1  2.0628¢ —1 18575 —1 2.1208¢ — 1
(2.30e — 3) = (245e —3)— (1.77e —3)— (3.33¢—3)— (1.80e —3) — (2.33e — 3)
RE6-3-1 6 8.371le — 2 75515 —2  4.8933¢ —2  2.6702¢ —2  7.7563¢ —2  9.0993¢ — 2
(9.84e — 4) — (3.65¢ —3)— (179 —4) — (249 —3)— (8.37e —4) — (3.09 — 4)
+/—/= 0/2/1 0/3/0 0/3/0 0/3/0 0/3/0
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Algorithm 4: Environmental selection(S)

Input: Population P, Archive 4, reference vectors V'
.P=SU4d

2: P= NDsort-A-NDR(P)

3: P=DeleteExtremeSolution(P)

4: P=APD-selection(P, V)

5: while |P|>N do

6: P=DeleteCrowdedSolutions(P)
7: end while

8: return P
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Algorithm 2: Reproduce(P)

Input: Population P, Offspring Q

1: Set |Q|=N

2: set the Neighborhood |7T|= max(4,[N % 0.2])

3: Normalize(P)

4: Generate a matrix M of NxT size that stores neighbor individuals, M is composed
T normalized Euclidean distance nearest solutions in P

5:set P'=@ /I P' is the parent population

6:for i=1,.., N do

7: if rand < 0.8 then

8: Randomly select parent individual from M to join P’
9: else

10: Randomly select parent individual from P to join P’
11:  endif

12: end for

13: Initialize Offspring Q = P

14: for i=1,..., N do

15: Find index j such that P(i, j)# P (i, j)
16: if |j|>1 then

17: k =randi(j, randi({1, . . ., |[/|—1}, 1))
18: do crossover :Q(i, k) = P'(i, k)

19:  endif

20: end for

21: do mutation \\ Algorithm 3
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Table 1: The properties of test instances of DTLZ, MaF and WFG problem suite

Problem No. of decision variables (D) Properties

DTLZ 1 m—1+5 Linear

DTLZ 24 m—1+10 Concave

DTLZ 5-6 Degenerated

DTLZ 7 m—1+20 Discontinuous

MaF1 m—1+10 Linear

MaF2 Concave

MaF3-4 Convex, multi-modal

MaF5 Convex, biased

MaF6 Concave, degenerate

MaF7 m—-1+20 Mixed, disconnected, multi-modal
WEFG 1 m-1+10 Mixed

WEG 2 Convex, disconnected, non-separable
WFG 3 Linear, partially degenerate

WFG 4-9

Concave
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Table 6: Real-world problems RE4-7-1, RE4-6-2, RE6-3-1 and their features

Problem Real-world optimization m D The type of design PF
variables

RE4-7-1 Car side impact design [36] 4 7 Continuous Unknown

RE4-6-2 Conceptual marine design [37] 4 6 Continuous Unknown

RE6-3-1 Water resource planning [38] 6 3 Continuous Unknown
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Algorithm 1: The framework of MaOEA-AR

1: Initialize: reference vectors V,, scale=1, f,=0.1 \\ frequency of reference vector updates
2: net<«Initialize iIGNG(V,, P, g) \\ g is parameters of iGNG

3: A<—empty set, A<Update Archive(P, A)

4: while G < G,,, do

S P = Matingselection(P)

6: QO = Reproduction(P')  \\ Algorithm 2 and Algorithm 3

7

8

S=P UQ;

: A = A<Update Archive(S, A);
9: ifG <09%G,, then
10: net<«TrainingiGNG(S, 4, g)
11: V' <the weights of nodes of net multiply scale
12: end if
13: if (G/G,,,) mod f,) == 0) then
14: scale = max(A4.objs)-min(4.objs)
15: end if

16: P = EnvironmentalSelection(S, A, V)
17: end while
18: Return P
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Algorithm 3: Mutate(Q)

Input: Offspring O
1: for i=1 ,...,|Q| do

2:
3
4
5:
6:
7.
8

9:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

if rand < 0.2 then
find index ¢' such that Q(i,c')==
for k=1,...,|c!| do
if rand < 1/(1+|c']) then
do mutation: Q(i,c'(k))==Q(i,c'(k))
end if
end for
Find index ¢® such that Q(i, c”)==0
Repeat the operation from line 4 to line 8 but replace ¢' with ¢°
else
get the decision space dimension D = |Q(1)]
for i=1,..., D do
if rand < 1/D then
do mutation: Q(i, £)==Q(i,?)
end if
end for
end if
end for
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Table 2: Population size setting

m Parameter (A, h,) N

5 (6, 0) 210
8 (3,2 156
10 (3,2 275
15 2,2) 135
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Table 5: Comparison of IGD among the 6 algorithms on benchmarks WFG with 5-, 8-, 10-and 15-

objective
Problem m MOEA/D-UR MaOEA-IT MaOEA-IGD MaOEA-RD MOEA/D MaOEA-AR
5 5.4290e — 1 3.0467¢ + 0 3.9185e + 0 1.7570e + 0 7.8278e — 1 3.7166e — 1
(B.17e—2)— (L15e+0)— (1.12e+0)— (197 +0)— (3.7le—2)— (6.79% —3)
WFG1 8 1.3021e + 0 2.5997e + 0 7.7019¢ + 0 1.5870e + 0 1.5548¢ + 0 8.427% — 1
(8.16e —2)— (44le—1)— (lle+0)— (1.27e+0)— (2.35¢—2)— (2.02¢ —2)
10 1.5657¢ + 0 3.1274e +0  6.2986e + 0 1.8156e + 0 1.7669¢ + 0  9.9753e — 1
(1.03e —1)— (2.6le—1)— (3.04e+0)— (242 +0)— (7.17e —2)— (4.24e —2)
15 2.2538¢ + 0 4.3125¢ + 0 1.1042¢ + 1 1.3271e + 1 2.3720e + 0 1.8432¢ + 0
(7.15e —2) —  (2.06e — 1)— (7.38¢+0)—  (8.46e +0)— (8.182—2)— (9.75¢ —2)
5 4.0971e — 1 1.7045¢ + 0 1.6698e + 0 5.075% — 1 7.5333e — 1 39184e — 1
(8.17e —3)—  (329% —1)— (233 —1)— (248 —2)— (4.34e—2)— (8.43e—3)
WFG2 8 1.0885¢ + 0 2.9610e + 0 2.1500e + 0 1.2332¢ + 0 1.7525¢ + 0 9.6310e — 1
(4.18e —2)— (5.77e—1)— (@22e—1)— (1.50e—1)— (3.12e—2)— (2.67e—2)
10 1.1756e + 0 3.7373e + 0 2.3573e + 0 1.4690e + 0 1.9250e + 0 1.0498e + 0
(457e—2)— (813e—1)— (5.70e —1)— (2.52e—1)— (243 —2)— (6.29¢ —2)
15 1.8806e + 0 6.5452¢ + 0 4.3556e +0 3.1344e + 0 2.5717e + 0 1.0498e + 0
©.14e —2)= (1.50e+0)— (1.6le+0)— (1.00e +0)—  (2.88¢ —2)— (6.29¢ —2)
5 1.0064e — 1 1.2315¢e +0  5.4317e +0 1.3231e + 0 7.9541e — 1 3.2237e — 1
(1566 —2)+ (898e — 1)— (1.70e —2)— (243e—1)—  (2.08¢ — 1) — (2.03¢ —2)
WFG3 8 3.3908e — 1 2.1761e + 0 8.8735¢ + 0 2.7944e+0 3.6325¢ + 0 7.0462¢ — 1
(420e —2)+ (1.70e+0)— (42le—2)—  (620e —1)—  (1.69% — 1) — (7.20e — 2)
10 4.0919 — 1 1.7536e + 0 8.8258e 4+ 0 3.0878e + 0 5.4566e + 0 8.7602e — 1
(5.75e —2)+  (1.40e +0)— (4.20e +0)—  (6.07e — 1) —  (4.16e — 1) — (7.88¢ — 2)
15 1.0184e + 0 2.978% + 0 9.5036e + 0 5.2930e 4+ 0 9.3672¢ + 0 1.4491e + 0
(195e — 1)+ (2.55¢+0)— (5.60e +0)— (192 +0)— (3.30e — 1) — (1.49% — 1)
5 9.6462¢ — 1 3.0543¢e +0  6.4133e+0 1.0486e + 0 1.5073e +0  9.4532e — 1
9366 —3)— (1.87e+0)— (733 —1)— (2.50e —2)—  (7.49% —2)— (7.16e — 3)
WFG4 8 3.1068e + 0 7.9920e + 0 9.818% + 0 3.5842¢ 4+ 0 6.7958¢ + 0 3.0012¢ + 0
Q17e—2)— (247e+0)— (258 —1)— (3.3% —1)— (2.20e — 1) — (4.72¢ —2)
10 4.4842¢ + 0 1.0160e + 1 1.1967¢ + 1 5.083% + 0 9.3184e +0  4.0527e +0
(368 —2)— (229 +0)— (2.68¢—1)— (3.66e—1)— (2.07e — 1) — (3.5l —2)
15 9.8447¢ + 0 1.9332e + 1 2.4229% + 1 1.2091e + 1 1.5654¢ + 1 8.6123e + 0
(432e—1)— (138¢+0)— (432+0)— (935 —1)— (246 —1)— (417 —1)
5 9.9812¢ — 1 2.0958e + 0 1.9308e + 0 1.0421e + 0 1.4067¢ + 0 9.4085¢ — 1
(2.80e —2)— (477e—1)— (1.20e+0)— (1.6% —2)— (7.76e —2) — (1.0le —2)
WFGS 8 3.2914e + 0 5.3698e + 0 1.2924e + 1 3.4965¢ + 0 6.3469¢ + 0 3.0629¢ + 0
(@457e—2)— (337e—1)— (45e+0)— (1.79% —1)— (L.6le—1)— (4.18¢—2)
10 4.3816e + 0 7.3146e + 0 9.6442¢ + 0 4.6754e +0 8.9045¢ +0  4.0837¢e +0
(458 —2)— (387e—1)— (695¢+0)— (2.08¢—1)— (2.08¢ —1)— (3.20e — 2)
15 9.4135% + 0 1.5798e + 1 2.7536e + 1 1.2251e + 1 1.5250e + 1 8.1326e + 0
(2.10e — 1) — (569 —1)— (5.04e +0)— (130 +0)— (1.48¢ —1)— (9.77e —2)
5 9.8356e — 1 2.0348¢e + 0 4.5005¢ + 0 1.1234e + 0 1.6232¢ + 0 9.5041e — 1
(1% —2)— (238e—1)— (113 +0)— (2.84e—2)—  (3.60e —2) — (4.26e — 3)
WFG6 8 3.3591e + 0 6.0213e + 0 8.9200e 4+ 0 3.4966e + 0 6.9480e + 0 3.1093e + 0
(4.74e —2)—  (898e— 1)— (4.50e+0)— (lLdle—1)— (5226 —2)— (5.07e —2)
10 4.4393¢ +0 7.7229¢ +0  8.7875¢ +0 4.7470e 4+ 0 9.3557Te +0  4.1580e + 0
(278 -2 — (80le—1)— (396e+0)— (248c—1)— (l.66e—1)— (4.1le—2)
15 9.5485%+0  1.672le+1 19878¢+1 11832 +1  1.6090c+1 8.197% +0
(267e—1)— (1.64e+0)— (8506 +0)— (1.65¢+0)— (242 —1)— (1.04e — 1)
5 9.6180e — 1 2.1187e +0  5.2307¢e +0 1.1184e + 0 1.6993e +0  9.4795¢ — 1
850e —3) — (297e—1)— (5392 —1)— (345¢—2)— (293e—2)— (7.05¢ —3)
WFG7 8 33826 +0  6.0447¢+0 1.0338e+1  3.7754e+0  7.0408¢ +0  3.0642 +0
(238 -2 — (5.53e—1)— (4% +0)— (188 —1)— (5.32e—2)— (5.43¢—2)
10 45327e+0  8299le+0 1.2402e+1  49560e+0 93218 +0  4.0662 +0
423e—-2)— (1.62e—1)— (296e+0)— (198 —1)— (1.62e—1)— (6.29% —2)
15 95233 +0  1.7307e+1 23616e+1  1385le+1  1.6320e+1 84412 +0
@63 —1)— (12le+0)— (27Be+0— (@08 —1)— (26c—1)— (47— 1)
5 1.0087e + 0 23%41e+0  4.6593¢e +0 1.2563¢ +0 1.4120e +0  9.7538e — 1
(7.8% —3)— (598 —1)— @B.lle—1)— (232%—2)— (1.85e—1)— (7.34—3)
WFGS 8 3.1694e + 0 6.0819¢ +0 1.1257e +1 4.0211e +0 6.3055¢ +0  3.0250e+0
(5346 —2)—  (1.25¢—1)— (14le+0)— (158 —1)— (4.07e—1)— (6.09% — 2)
10 4.4226e + 0 8.0757e +0  1.2553e + 1 5.5141e +0 8.6403e +0  4.0086e + 0
(119% - 1)—  (615%—1)— (1.13+0)— (343%e—1)— (1.34e—1)— (6.20e—2)
15 1.0290e + 1 1.6817e +1  2.5278¢ + 1 1.3569¢ + 1 1.3566e +1  9.2683e + 0
6.3% —1)— (1266 4+0)— (3.65¢+0)— (Llde+0)— (2.67e+0)— (7.18¢— 1)
5 9.8008e — 1 21194 +0  4.9295¢ +0 1.0897¢ +0 1.4739¢e +0  9.1971e — 1
(298 —2)— (130e—1)— (121e+0)— (325%¢—2)— (8.07e —2)— (5.6 — 3)
WFG9 8 3.2283e + 0 5.8094e +0  1.1085¢ + 1 3.8121e + 0 6.3405¢ +0  2.9387e + 0
(515 —2)—  (3.70e—1)— (3.54e+0)— (1.6% —1)— (6626 —1)— (3.03¢ —2)
10 4.5496¢ + 0 7.8930e +0  5.3182¢+0 49184e¢ +0 8.8993¢e +0  3.9293¢ + 0
(6.0de —2)—  (@4.6% —1)— (13e+0)— (13le—1)— (1.88e—1)— (429 —?2)
15 9.1411e + 0 1.6316e +1  2.1079¢ + 1 1.2450e + 1 1.5052e +1  8.0613e + 0
(510e—1)— (723e—1)— (7.73¢+0)— (9.06e —1)— (1.67e +0)— (1.3le—1)
+/—/= 4/311 0/36/0 0/36/0 0/36/0 0/36/0
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