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Abstract: The present model deals with a protocol which involves the generation and conversion of entanglement from path-spin (P-S) hybrid entanglement associated with half-spin particle to spin-spin (S-S) interparticle entanglement. This protocol finds its applications in quantum information processing via a series of operations which include a beam splitter, spin flipper, spin measurement, classical channel, unitary transformations. Finally, it leads to two particles having completely entangled spin variables, without any requirement of any simultaneous operation on the two particles.
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1  Introduction

Quantum entanglement is one of the most fascinating and unique features of quantum mechanics. It is usually accomplished by having two entangled particles emitted from a single source or by having two interacting particles. The concept of entanglement remains the focus of the EPR paradox, violations of Bell’s inequalities, and non-locality in quantum mechanics. Experimental exploration in manipulating entanglement is an important exercise that helps distribute entanglement between distant parties. One such practical scheme is entanglement swapping [1–3], which allows one to entangle two quantum systems that have never interacted directly with each other. Also, entangled pairs of particles with spatial separations find numerous applications in several other robust information processing protocols, such as Bell’s theorem-based cryptography [4–6], super-dense coding [7–9], teleportation [10–12], cheating bit commitment [13,14], testing Bell’s inequalities [15,16], etc. Meanwhile, some researchers reported various propositions of experimental demonstration of entanglement swapping [2,17,18]. Entanglement swapping may be applicable to the construction of telephone exchange [19]. The concept of entanglement in quantum mechanics was first noticed with respect to continuous variables like position and momentum [20] and then extended to discrete variables like particle spin [21] for the systems studied in Hilbert spaces dealing with discrete variables [22], etc. With the aid of shared entanglement and classical communication channels, quantum teleportation permits the transfer action of an unknown quantum state from one particle to a distant particle, bypassing the need to transfer the particle itself. Also, spatially separated multi-particle entangled states have many potential applications [23–25]. Quantum entanglement provides subtle physical insights into complex phenomena in solid-state physics, including phase transitions [26,27] and an understanding of the relation of black hole entropy with the entanglement of particles near the event horizon [28–31], etc. Lately, the idea of entanglement between properties described by mutually exclusive Hilbert spaces, such as between linear momentum and spin, is intriguing and has become an important subject of investigation for researchers. Quantum mechanical theory confirms the occurrence of entangled states in Hilbert spaces. However, the practical realization of such states is yet to be explored thoroughly.

Fascinating progress in this direction has been achieved in recent times by generating intraparticle entanglement related to various degrees of freedom (DoFs) of a single particle. For example, entanglement between the polarization of a photon and its linear momentum can be harnessed for applications like quantum key distribution in quantum cryptography. In contrast, another exciting form of intraparticle entanglement involves the entanglement between a photon’s polarization and its angular momentum. Since such entanglement is restricted to a single particle, it can be conserved effortlessly against decay effects. However, it seems cumbersome to exercise intraparticle entanglement as a tool of quantum information processing because two particles with a spatial distance between them are not intertwined by entanglement. It is, however, possible to transfer intraparticle entanglement into interparticle entanglement involving compatible DoFs of two particles that are a distance apart from each other. The first theoretical proposal [32,33] and the consequent experimental realization [34] of entanglement between the spin and path of a half spin particle have outlined protocols for creating entanglement between these different DoFs. Also, intraparticle entanglement is effectively employed in the study of neutrino oscillations [35] and to demonstrate photon non-locality [36]. Information transfer based on P-S hybrid entanglement for a single particle has also been proposed [37]. The authors of [32,33] dealt with a theoretical model for teleporting an unknown quantum state between two distant parties, Alice and Bob, creating a P-S entangled state and using a series of operations like spin-measurements, unitary operations, classical communication channel, etc. A theoretical model has been proposed by the same authors for entanglement swapping between the spin and path DoFs within a particle onto entanglement between the spins of two separate particles [38]. Our present paper involves the conversion of P-S entanglement into S-S entanglement with a new protocol. It shows the feasibility of converting the P-S intraparticle hybrid entangled state onto a S-S interparticle entangled state employing a different technique.

2  Theory and Results

We consider a half-spin particle (Z1) with initial spin polarization along the + z-axis (denoted by|↑z⟩). The joint P-S state for the particle is written as |s⟩ps1=|ψ0⟩p⊗|↑z⟩s, where p and s indicate the path variable and the spin variable, respectively. The spin state |↑z⟩ of Z1 will be indicated by |0⟩s1. When Alice allows the incidence of the particle Z1 on a beam splitter BS1, it undergoes a quantum operation on its path state. The state of Z1 after ejecting from BS1 becomes |s⟩ps1=(iα1|0⟩p1+β1|1⟩p1)⊗|0⟩s1, where |0⟩p1 and |1⟩p1 are reflected and transmitted channels, respectively. The eigenstates of the projection operators P(|0⟩p) and P(|1⟩p) are the path states |0⟩p1 and |1⟩p1. These states are mutually orthogonal and the projection operators are employed to determine the channel (reflected/transmitted) in which the Z1 is found. In this context, it is worth mentioning that the coexistence of path and spin variables enables the single particle to be considered as two qubits. Consequently, the particle corresponding to the channel |0⟩p1 passes through a spin device (spin flipper) containing a steady magnetic field which acts in the +x direction and flips the spin state |0⟩s1 to |1⟩s1. The P-S entangled state of Z1 becomes |s2⟩ps1=iα1|0⟩p1⊗|1⟩s1+β1|1⟩p1⊗|0⟩s1.

Our aim is to treat this entangled state of Z1 as the key element for generating S-S interparticle entanglement between the two particles (Z3 and Z4) initially occupied by another party Bob. The entire experimental setup with a schematic view is exhibited in Fig. 1. Alice holds a particle (Z2) in an unknown state given as|ψ2⟩=α2|0⟩s2+β2|1⟩s2. She performs a CNOT operation considering the Z1 particle’s spin state as the control qubit and the Z2 particle’s spin state as the target qubit. After this operation, the combined state of Z1 and Z2 is given by
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Figure 1: A particle with half spin (labeled as Z1) with a spin up polarized state can fall on a beam-splitter BS1

|s⟩pss12=iα1α2|0⟩p1|11⟩s12+iα1β2|0⟩p1|10⟩s12+β1α2|1⟩p1|00⟩s12+β1β2|1⟩p1|01⟩s12.

Alice then dispatches the particle Z1 to Bob. When Bob acknowledges the receipt of the particle, Alice performs the measurement of the spin of the particle Z2 by Stern-Gerlach (SG) device along the z-axis. In this context, it is important to highlight that SG devices play a significant role in the field of quantum computing and quantum information. The SG experiment is used to demonstrate the instantaneous and nonlocal feature related to the collapse of the wavefunction and single-particle entanglement, leading to a nonlocal effect called ‘steering’ or ‘single-particle steering’. The term ‘steering’ in quantum mechanics refers to the ability of one observer (Alice) to influence the state of a distant particle (Bob) through measurements made on her own particle. This phenomenon showcases the nonlocal nature of quantum entanglement [39]. It has been established that two successive SG experiments produce quantum nonlocality and quantum steering [40], whose relations with entanglement put a prominent footprint on our usual understanding of the experiment as a natural consequence of considering quantum correlations. Probable results of spin measurements on Alice’s Z2 particle lead to the associated states with their probabilities as given in Table 1.
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Next, Alice confers with Bob classically to report the outcomes of her measurements on spin (i.e., spin up/down for Z2). Now the residual action is to be performed by Bob to generate S-S entanglement between two particles (Z3 and Z4) at his end initially. Bob has three particles in hand, Z1 (given by Alice) and Z3 and Z4 from the initial stage. The particle Z3 is in an unknown state given by |ψ3⟩=α3|0⟩s3+β3|1⟩s3 whereas Z4 is in known state (in spin-up state, |0⟩s4). Based on the data which Alice sends to Bob, he adopted the following actions to reach the goal.

Case 1: Result of spin measurement of the particle Z2: |0⟩s2

When Bob receives the particle Z1 sent by Alice, he passes it via a 50-50 beam-splitter (BS2). Then BS2 transforms the states |0⟩p1 and |1⟩p1 in the following manner:

|0⟩p1→12(|a⟩p1+i|b⟩p1), and |1⟩p1→12(|b⟩p1+i|a⟩p1).

Next, Bob executes a CNOT operation using the spin states of Z1 and Z3 as the control and target qubits, respectively. Now the joint P-S state becomes

|S⟩ps13=iα1β2α3|0⟩p1|11⟩s13+iα1β2β3|0⟩p1|10⟩s13+β1α2α3|1⟩p1|00⟩s13+β1α2β3|1⟩p1|01⟩s13.

Bob further makes another CNOT operation taking Z1’s spin state as the qubit (control) and Z4’s spin state as the qubit (target). The resultant P-S state is expressed as

|S⟩pss134=|0⟩p1|1⟩s1(iα1β2α3|11⟩s34+iα1β2β3|01⟩s34)+|1⟩p1|0⟩s1(β1α2β3|10⟩s34+β1α2α3|00⟩s34).

Normalization leads to

|S⟩pss134=N|0⟩p1|1⟩s1(iα1β2α3|11⟩s34+iα1β2β3|01⟩s34)+N|1⟩p1|0⟩s1(β1α2β3|10⟩s34+β1α2α3|00⟩s34),

where the normalization constant, N=[(α12β22+β12α22)(α32+β32)]−12. Expressing |0⟩s1 and |1⟩s1 in the form of linear superposition of |0x⟩s1 and |1x⟩s1 as |0⟩s1=12(|0x⟩s1+|1x⟩s1) and |1⟩s1=12(|0x⟩s1−|1x⟩s1), we obtain |S⟩pss134=T1|a⟩p1|0x⟩s1+T2|a⟩p1|1x⟩s1+T3|b⟩p1|0x⟩s1+T4|b⟩p1|1x⟩s1,

where

T1=iN2(α1β2α3|11⟩s34+β1α2α3|00⟩s34)+iN2(α1β2β3|01⟩s34+β1α2β3|10⟩s34),

T2=iN2(−α1β2α3|11⟩s34+β1α2α3|00⟩s34)+iN2(−α1β2β3|01⟩s34+β1α2β3|10⟩s34),

T3=N2(−α1β2α3|11⟩s34+β1α2α3|00⟩s34)+N2(−α1β2β3|01⟩s34+β1α2β3|10⟩s34),

T4=N2(α1β2α3|11⟩s34+β1α2α3|00⟩s34)+N2(α1β2β3|01⟩s34+β1α2β3|10⟩s34).

The x-component of spin of Z1 is measured by Bob using two SG devices held in the channels of |a⟩p1 and |b⟩p1. His measurement provides four probable results, i.e., |a⟩p1⊗|0x⟩s1,|a⟩p1⊗|1x⟩s1,|b⟩p1⊗|0x⟩s1, and |b⟩p1⊗|1x⟩s1. Bob carries out a corresponding unitary operation to spawn the entangled states between the particles Z3 and Z4. The results of these operations are provided in the Table 2.
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The reflected channel contains a spin flipper. Alice performs one CNOT operation involving the particles Z1 and Z2, one whose state is unknown. Alice sends Z1 to Bob, and this particle is allowed by Bob to fall on another beam-splitter BS2. The spin of the Z1 is measured by Bob using two SG devices, SG 1 and SG 1′. Alice measures the z-component of the spin of Z2 using SG2. According to the results of Alice’s spin measurement (which are classically communicated to Bob), Bob performs two successive CNOT operations using particles Z1 and Z3, Z1 and Z4, and measures the P-S states of the particle Z1. Finally, Bob performs appropriate unitary operations to create the S-S entangled states between Z3 and Z4.

So far, we assume that particle Z3 is in an unknown state and the particle Z4 is in the known state. If the particle Z3 also stays in a known state, two different possibilities arise: α3=1,β3=0 and α3=0,β3=1. In such cases, Bob creates the entangled states by sorting compatible unitary transformations as presented in Tables 3 and 4, respectively.
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In all cases, the normalization constant becomes N′=(α12β22+β12α22)−12.

Case 2: Spin measurement of the particle Z2: |1⟩s2

Bob repeats the procedure as described in the Case 1. He allows the particle Z1 to fall on a 50-50 beam splitter and performs two subsequent CNOT operations using the particle Z1 and two particles (Z3 and Z4) initially possessed by him. Thereafter, he measures the spin of particle Z1 using the SG device. Finally, Bob executes suitable unitary operations to generate the entangled states between the spin states of the particles Z3 and Z4 (presented in Table 5).
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Here, the normalization constant, M=[(α12α22+β12β22)(α32+β32)]−12. If the particle Z3 stays in a known state (either|0⟩s3 or |1⟩s3), Bob can create the entangled states by choosing suitable unitary transformations as presented in Tables 6 and 7, respectively.
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Here, the normalization constant becomes M′=(α12α22+β12β22)−12.

So far as the protocol is concerned and reported in the previous literature [38], Alice makes a CNOT operation employing the second particle Z2 and then sends it to a third party, Charlie, without making a spin measurement. But, in our present work, Alice measures the spin of Z2 and informs Bob of the outcome of her measurement through a classical channel. Another point is that when we deal with the protocol, the P-S entanglement is transferred from the spin DoFs of a single particle to two different particles which are initially under the possession of Bob. Here, the entanglement is swapped to the spin DoFs of the two particles which are under the control of different parties. Although the pair of particles correlated by the S-S entanglement (when the protocol ends) are located at the same place, they can be regarded as non-interacting in the sense that the particle Z1 independently interacts with them (two consecutive CNOT operations), i.e., no combined operation is performed on the particles Z3 and Z4. Here lies the importance of the present work over others.

3  Conclusion

In this article, we propose a new protocol to convert hybrid quantum entanglement between different DoFs of a particle to spin DoFs of different parties. The principal advantage of this new protocol, apart from being an experimentally feasible novel way to perform this conversion, is the use of more friendly individual processes, such as the realization of measurements before transmissions and the use of classical communications, as well as convenient properties for the final state, such as it being shared between different parties. Furthermore, this realization requires relatively simple processes, such as CNOT gates, beam splitters, and measurement using SG devices. Our protocol, therefore, opens up the new possibility that this easier way of conversion of P-S hybrid entanglement of a particle to S-S entanglement between two spatially separated particles facilitates the tasks of information processing. Albeit, this protocol is implemented for the spin-1/2 particle, but it may be extended to photons and other optical devices optimally designed for definite operations. As is mentioned in the case of a duality quantum computer [41], it utilizes multiple qubits and exploits the particle-wave duality property for performing quantum computations. As path information could be used as a source of qubits in such computers, further study [42] ensures that entanglement quantitatively controls the degree of duality. Hence, our protocol may find potential applications in this domain of study.
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b), ® |L,), o, N (B0 [11)) + Bior; [00)))  Entangled
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Table 5: Entangled states between the particles Z3 and Z4

P-S measurement  Unitary operation Final state of the Bob’s particle Nature of the final
state

ja), ® 10.), 0. iM (—aon0s [11)7 + BB 100))')  Entangled

ja), ® |1.), o. iM (05 [11)7 + BiBoas [00)7) Entangled

|b>; X |0x>i 0. M (051012053 |11>54 + BiB.as |00>j4) Entangled

b), ® |L,), o, M (—anoues |11)) + BiBoes [00)))  Entangled
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