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Abstract: Massive multiple input multiple output (MIMO) has become essential for the increase of capacity as the millimeter-wave (mmWave) communication is considered. Also, hybrid beamforming systems have been studied
since full-digital beamforming is impractical due to high cost and power consumption of the radio frequency (RF) chains. This paper proposes a hybrid
beamforming scheme to improve the spectral efficiency for multi-user MIMO
(MU-MIMO) systems. In a frequency selective fading environment, hybrid
beamforming schemes suffer from performance degradation since the analog
precoder performs the same precoding for all subcarriers. To mitigate performance degradation, this paper uses the average channel covariance matrix for
all subcarriers and considers an iterative algorithm to design analog precoder
using approximation techniques. The analog precoder is iteratively updated for
each column until it converges. The proposed scheme can reduce errors in the
approximating process of the overall spectral efficiency. This scheme can be
applied to fully-connected and partially-connected structures. The simulation
results show that spectral efficiency performance for the proposed scheme
is better than the conventional schemes. The proposed scheme can achieve
similar performance with full-digital beamforming by using a sufficiently large
number of RF chains. Also, this paper shows that the proposed scheme outperforms other schemes in the frequency selective fading environment. This
performance improvement can be achieved in both structures.
Keywords: Hybrid precoding; massive MIMO; MU-MIMO; mmwave;
frequency selective fading

1 Introduction
Massive MIMO is the key solution in future 5G wireless networks to increase system capacity
and data rates [1,2]. The short wavelength of the mmWave systems allows more antenna elements
to be packed in the same physical dimension, thus enabling the implementation of a large-scale
array. Large-scale array antennas can provide significant beamforming gains to combat the path
loss and to achieve spectral efficiency via spatial multiplexing. However, it requires a large number
This work is licensed under a Creative Commons Attribution 4.0 International License,
which permits unrestricted use, distribution, and reproduction in any medium, provided
the original work is properly cited.
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of RF chains. A large number of RF chains render the conventional full-digital beamforming
schemes impractical, due to the associated high cost and energy consumption [3,4]. To alleviate
this problem, hybrid beamforming schemes have been proposed where only a limited number of
RF chains can drive large-scale antenna array. Hybrid beamforming structure is consisted of a
phase-shifters (PSs) based analog precoder in RF domain and low-dimensional digital precoder
in baseband. Hybrid precoding algorithms for single-user MIMO (SU-MIMO) systems have been
proposed in [5–7]. The orthogonal matching pursuit (OMP) was presented in [5] by exploiting
the sparse nature of mmWave channels. The work in [6] sought to minimize the performance
gap with the full-digital beamforming by employing an alternating minimization algorithm based
on manifold optimization. Sohrabi et al. [7,8] proposed a heuristic hybrid precoding algorithm
for SU-MIMO and multi-user multiple input single output (MU-MISO) system by optimizing
analog precoder with fixed digital precoder in. Multi-user cases have been introduced in [7–13].
The authors in [10,11] considered MU-MIMO system, where analog precoder is designed such
that the approximated upper-bound of spectral efficiency is maximized.
There are two structures of hybrid beamforming according to different mapping strategies
from RF chains to antennas. Fully-connected structure can achieve high beamforming gain
since each RF chain is connected to all antennas. However, this structure causes high hardware
complexity and power consumption due to the large number of PS. To alleviate this problems,
partially-connected structures were proposed in [10–15], where each RF chain is connected to only
a subset of antennas.
One of the main challenges in hybrid beamforming design is to achieve a similar spectral efficiency with the performance of full-digital beamforming. However, there are hardware constraints
that degrade performance in a hybrid beamforming system. The optimization of analog precoder
is considered as very hard problem with satisfying hardware constraints. Also, the frequency
selective fading channel is more challenging since analog precoder is designed equally for the
entire band. Hybrid precoding algorithms for wideband systems are very important issue in
mmWave communication. Recently, several works have been studied to alleviate the performance
degradation from frequency selectivity in [8,12,16,17].
For the performance improvement, this paper proposes an iterative hybrid precoding scheme
that can be applied to both fully-connected and partially-connected structures. The proposed
scheme derives an approximated upper-bound of spectral efficiency which is used as the objective
function of analog precoding matrix optimization. To obtain a solution, proposed scheme divides
the problem into a series of convex sub-problems that are updated iteratively until convergence
is achieved. Digital precoder eliminates the inter-user interference (IUI) by using conventional ZF
precoding for the effective channel. The schemes in [7,10,11] have similar mathematical formulas
and approximated method to design analog precoder in hybrid beamforming system. However,
the methods in [10,11] have a large approximation error compared to the proposed scheme.
The proposed scheme can reduce the approximation error by using the inequality of positive
definite matrix in the process of obtaining the upper bound of spectral efficiency. And the similar
mathematical formula in [7] was derived for SU-MIMO system in flat fading channel. Also, the
scheme for MU-MIMO was proposed in [7]. The scheme in [7] can have a good performance
in flat fading, but if the selectivity is increased, the performance is decreased considerably. This
paper proposes a mathematical formula extended to the MU-MIMO system in a frequency selective fading environment. This paper shows improved spectral efficiency of the proposed scheme
compared to conventional schemes in frequency selective fading channel.
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2 System Model
This section expresses system model for conventional hybrid beamforming schemes. A block
diagram of the system is given in Fig. 1. The left side represents the base station (BS) and the
right side represents user terminals.

Figure 1: A block diagram of the massive MU-MIMO system with hybrid beamforming
architecture
2.1 Signal Model
This paper considers mmWave multi-user massive MIMO hybrid beamforming system. Base
station with Nt antennas and NRF RF chains sends Ns independent data streams. The total
number of users with single-antenna is Nu . It is assumed that Ns ≤ NRF  Nt and Ns = Nu . And
then the transmitted signals at each subcarrier k = 1, . . . , K can be written as follows:
x [k] = FRF FBB [k] s [k] ,

(1)

where FRF ∈
is analog precoder for all subcarriers, FBB [k] = fBB, 1 [k] , fBB, 2 [k] , . . . ,

fBB, Nu [k] ∈ CNRF ×Ns is digital precoder of the kth subcarrier for Nu users and s [k] ∈ CNs ×1 is the
o
n
data stream for the kth subcarrier with E s [k] s [k]H = INs . Therefore, the received signal of user
CNt ×NRF



u at the kth subcarrier can be written as follows:
yu [k] = hu [k]H FRF FBB [k] s [k] + nu [k] ,
(2)


N
×N
where H [k] = h1 [k] , h2 [k] , . . . , hNu [k] ∈ C t u is channel matrix at the kth subcarrier, and nu [k]
represents the additive white Gaussian noise (AWGN).
2.2 Structure of Hybrid Beamforming
According to the mapping from RF chains to antennas, hybrid beamforming architectures
can be categorized into fully-connected and partially-connected structures. Figs. 2a and 2b show
hybrid beamforming structures for fully-connected and partially-connected, respectively.
In a fully-connected structure, each RF chain is connected to all antennas using a network
of PSs. Then, fully-connected structure can be expressed as follows:


FRF = fRF, 1 , fRF, 2 , . . . , fRF, NRF ,
(3)
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where fRF, i ∈ CNt ×1 is the ith column vector with unit modulus elements.
Unlike the fully-connected structure, in a partially-connected structure, each of the NRF RF
chain is connected to L = Nt /NRF number of sub-arrays as shown in Fig. 2b. Therefore, analog
precoder for partially-connected structure can be expressed as follows:


fsub, 1 0
... 0


0

fsub, 2
0



,
FRF = 
(4)

..
0

.
0
0


0

...

0

fsub, NRF

where each column vector fsub, i ∈ CL×1 satisfies the constant modulus constraint.

(a)

(b)

Figure 2: (a) Fully-connected structure, (b) partially-connected structure
2.3 Channel Model
MmWave propagation is expected to have limited scattering. In this paper, mmWave propagation environment is modeled as a geometric channel with Nc scattering clusters and Nsc scatterers
within each cluster. Therefore, the channel vector for u user at subcarrier k is given as follows [8]:
s
hu [k] =

N

N

c X
sc

k
Nt X
αc, s a φc, s e−j2π ψc K ,
Nc Nsc

(5)

c=1 s=1

r

Nt
is a normalization factor, ψc is proportional to the phase shift in the cth cluster
Nc Nsc
and αc, s ∼ CN (0, 1) is the complex gain for the sth scatter in the cth cluster. a(φc, s ) represents
the transmit antennas array response vector, φc, s is azimuth angle of departure (AOD). Then, the
where
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array response vector of the uniform linear array (ULA) with Nt transmit antennas is modeled
as follows:
iT

2π
1 h j 2π d sin φ
1, e λ
, . . . , ej λ (Nt −1)d sin φ ,
(6)
a φc, s = √
Nt
where d and λ are the antenna spacing and signal wavelength.
In this paper, the perfect channel state information (CSI) is assumed.
2.4 Problem Formulation
This paper considers the problem of the hybrid beamforming design to maximize the overall
spectral efficiency under a constant modulus constraint (7b) and transmit power constraint (7a)
for each subcarrier. Then the objective function can be expressed as follows:
K Nu
1 XX
Ru [k]
arg max
FRF , FBB K

(7)

k=1 u=1

s.t.



Tr FRF FBB [k] FBB [k]H FRF H ≤ P,
1
|FRF (i, j)| = √ ,
Nt



where Ru [k] = log2 1 +

(7a)
(7b)

hu [k]H FRF fBB, u [k]

2




σ2 +

P

i6=u

hu [k]H FRF fBB, i [k]

2

is spectral efficiency of user u at the

kth subcarrier. P is maximal transmit power at the BS, σ 2 is variance of the AWGN and FRF (i, j)
is the (i, j)th element of FRF .
3 Hybrid Beamforming Scheme for Multi-User Massive MIMO System
In this section, the design of digital and analog precoders for multi-user massive MIMO
systems is considered. Then, the comparison between conventional schemes and proposed scheme
is described.
3.1 Design of Digital Precoder
In this paper, digital precoder is designed by using conventional ZF precoding to eliminate
inter-user interference. The effective channel matrix for subcarrier k is denoted as Heff [k] =
H [k]H FRF . For fixed analog precoder, normalized digital precoding matrix for subcarrier k is
as follows:
b
FBB [k]
FBB [k] =
,
(8)
FRFb
FBB [k]
F
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−1
where b
FBB [k] = Heff [k]H Heff [k] Heff [k]H
. Power constraint (7a) can be satisfied due to the
normalized digital precoding matrix (8). Then, (7) can be approximated by using properties of ZF
precoding in (8) as follows:
K Nu
1 XX
Ru [k]
K
k=1 u=1

=



K Nu
2
1 XX
1
log2 1 + 2 hu [k]H FRF fBB, u [k]
K
σ
k=1 u=1
K

1
1
Nu X
log2 1 + 2
=
K
σ FRFb
FBB [k]
k=1

K

1
Nu X
log2 
≈
1 + σ 2
K

(a)

k=1

!
2
F




1


−1   .
H
H
Tr H [k] FRF FRF H [k]

(9)

The proof of the (a) in (9) is provided in Appendix A. Finally, the objective function (7) can
be restated as a problem that maximizes (9).
3.2 Design of Analog Precoder
3.2.1 Fully-Connected Structure
This paper proposes a scheme to design an analog precoder to maximize (9). However, (9) is
difficult to find an optimal solution since analog precoding matrix FRF exists inside the inverse
matrix. To solve this problem, it has to be converted through approximation techniques. Then,
Eq. (9) can be converted as follows:
arg max

FRF H AFRF

(10)

FRF

s.t.

1
|FRF (i, j)| = √ ,
Nt

where A =

(10a)

K

1 X
H [k] H [k]H is the average channel covariance matrix for all subcarriers. The
K
k=1

proof of (10) is given in Appendix B. Due to the constraint of the analog precoder, (10) is still
difficult to solve. The objective function (10) needs to be manipulated for efficient optimization.
Finally, (10) can be expressed by using the determinant property in [18]. It is shown in Appendix C
as follows:
fl H Bl fl

FlRFH AFlRF ,

(11)
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−1
where Bl = A − AFlRF FlRFH AFlRF
FlRFH A is positive semi-definite matrix, FlRF is the sub-matrix
of FRF that the lth column is removed, and fl is the lth column of FRF . Since FlRFH AFlRF is
independent of fl , objective function (10) can be converted into sub-objective function (12) for
each column.
arg max
fl

s.t.

N
RF
X

fl H Bl fl

(12)

1
|fl (m)| = √ .
Nt

(12a)

l=1

Then, the column iterative algorithm is used to maximize the sub-objective function (12). Each

H
column of analog precoder is repeatedly updated to fl H Bl
until it converges. However, the
components in analog precoder have to satisfy the constraint (12a). Since the analog precoder
consists of PSs, the lth column of analog precoder can be expressed as follows:
H
1
H
fl = √ ej∠((fl Bl ) t) .
Nt

(13)

The objective function (10) increases as the FRF is updated. Finally, proposed algorithm is
converged. The proposed algorithm for design of hybrid precoders is summarized as follows:
Step 1: Input channel matrix H.
Step 2: Generate random initial matrix FRF that satisfies the constant modulus constraint.
K

1 X
Step 3: Calculate average channel covariance matrix for all subcarriers A=
H [k] H [k]H .
K
k=1

Step 4: Repeat the following process NRF times (l = 1 : NRF ),

−1
Calculate positive semi-definite matrix Bl = A − AFlRF FlRFH AFlRF
FlRFH A,
Set fl = FRF (:, l),
H
1
H
Update lth column of analog precoder FRF (:, l) = √ ej∠((fl Bl ) ) .
Nt
Step 5: Go to Step 4 until FRF converges.
Step 6: Repeat the following process K times (k = 1 : K),
Calculate the digital precoder FBB [k] for each subcarrier according to (8).
Step 7: Output analog and digital precoder FRF , FBB .
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3.2.2 Partially-Connected Structure
When partially-connected structures are considered, analog precoder FRF is represented as a
block matrix consisting of vectors of length L as shown in (4). Consequently, the sub-objective
function (12) can be expressed as follows:
arg max
fsub, l

s.t.

N
RF
X

fsub, l H Bsub, l fsub, l

(14)

l=1

1
fsub, l (m) = √ ,
L

where fsub, l ∈ CL×1 is the
sub-block matrix of Bl . It

Bsub, 1
...



Bsub, 2

Bl = 
..
..
.
.

...

(14a)
lth column vector of FRF as shown in (4), Bsub, l ∈ CL×L is the lth
is given as follows:

..
.





.




(15)

Bsub, NRF

Then, the lth column of analog precoder can be obtained through the same process as the
fully-connected structure. fsub, l is as follows:
H
1
H
fsub, l = √ ej∠((fsub, l Bsub, l ) ) .
L

(16)

For the partially-connected structure, the precoder design is performed through a similar
procedure based on the aforementioned algorithm.
3.2.3 Comparison with Conventional Schemes
This subsection compares the proposed scheme and the conventional schemes. Conventional
schemes in [10,11] also use approximation techniques similar to Appendix B to obtain the
upper bound of spectral efficiency. However, the approximation of conventional schemes is performed before (d) in Appendix B. This approach can lead to large approximation errors. Then,
conventional schemes aim to maximize (17) by performing optimization.
!
!
K
1X
H
H
Tr FRF
H [k] H [k]
FRF .
(17)
K
k=1

The optimal solution to maximize (17) can be obtained through singular value decomposition
(SVD) of the average channel covariance matrix for all subcarriers. However, due to constant
modulus constraint (7b), analog precoder cannot use the optimal matrix. Therefore, analog precoder in [10] is designed by using phase of optimal matrix where optimal matrix is right singular
K

1 X
matrix corresponding to the largest NRF singular values of
H [k] H [k]H . In [11], the
K
k=1
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iterative method is proposed to maximize (17). This method considers the minimization of the
off-diagonal components while the diagonal components of (17) are maximized. Conventional
schemes show good performance, but there is a performance loss due to an approximation error.
The performance comparison with the proposed scheme is represented in Section 4.
4 Simulation Results
Simulation results are presented to evaluate the performance of the proposed scheme for
multi-user hybrid beamforming systems. In this section, the proposed scheme is compared with
full-digital beamforming and conventional hybrid beamforming schemes. All simulations are performed for the MU-MIMO hybrid beamforming systems. The simulated mmWave channel adopts
Nc = 5 clusters and 0 ≤ Nsc ≤ 20 scatterers. The number of RF chains is NRF = 2Ns .
Figs. 3 and 4 show the spectral efficiency of the hybrid beamforming schemes for the fullyconnected and partially-connected structure, respectively. Figs. 3 and 4 consider Nt = 16 transmit
antennas and Nu = 4 single-antenna users. In Fig. 3, proposed scheme can achieve similar performance with full-digital beamforming. Also, proposed scheme shows improved spectral efficiency
performance compared to [10,11] since a difference in approximation error occurs. In flat fading
environment, hybrid beamforming scheme in [7] shows near-optimal performance for MU-MIMO
system. However, Fig. 3 shows that the scheme in [7] has a large performance degradation in a
frequency selective fading environment. The scheme in [7] is implemented by using the average
matrix of channels for all subcarriers. Fig. 4 shows the spectral efficiency performance of the
partially-connected hybrid beamforming schemes. Each RF chain is connected to two transmit
antennas where L = 2. As shown in Fig. 4, the performance of the partially-connected structure is
degraded compared to the fully-connected structure since the beamforming gain is reduced. In this
structure, proposed scheme has a slight improvement in spectral efficiency performance compared
to other schemes.

Figure 3: Spectral efficiency vs. SNR for fully-connected beamforming schemes in a 4 singleantenna user MIMO system with Nt = 16
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Figure 4: Spectral efficiency vs. SNR for partially-connected beamforming schemes in a 4 singleantenna user MIMO system with Nt = 16
Fig. 5 shows the spectral efficiency for number of clusters when Nt = 64, Nu = 8, SNR =
15 dB. As the number of clusters increases, frequency selectivity increases. Frequency selective
fading degrades the spectral efficiency of hybrid beamforming since analog precoder cannot be
designed for each subcarrier. In Fig. 5, the performance of all schemes gradually converges as
the number of clusters increases. The scheme in [7] designed for a flat fading environment suffers
significant performance degradation due to frequency selective fading. As the cluster increases,
the performance of proposed scheme is also degraded, but it is better than other schemes in the
frequency selective fading environment.

Figure 5: Spectral efficiency vs. the number of clusters for fully-connected beamforming schemes
in a 8 single-antenna user MIMO system where Nt = 64, SNR = 15 dB
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Fig. 6 shows the spectral efficiency for number of RF chains Nt = 64, Nu = 8, SNR = 15 dB.
In Fig. 6, full-digital beamforming represents the fixed performance at NRF = 64. It is shown that
all schemes can achieve performance approaching full-digital beamforming as the number of RF
chains increases. Also, proposed scheme can achieve near full-digital beamforming performance
using RF chains of half the number of transmitting antennas. This is because the proposed
scheme can obtain the large beamforming gain through the increase of the RF chain. Other
schemes have less performance improvement as the RF chain increases compared to the proposed
scheme. Especially, hybrid beamforming in [7] shows poor performance even if the number of RF
chains increases where NRF > Ns .

Figure 6: Spectral efficiency vs. the number of RF chains for fully-connected beamforming
schemes in a 8 single-antenna user MIMO system where Nt = 64, Nc = 5, SNR = 15 dB
5 Conclusion
This paper proposes an enhanced hybrid beamforming method for multi-user massive MIMO
systems. The proposed scheme can be applied to fully-connected and partially-connected structure. This scheme can improve performance by reducing approximation error in the process of
approximating the system spectral efficiency. It is shown that the proposed scheme for both
structures shows better performance compared to other schemes. Due to the limitations of the
analog precoder, frequency selectivity causes significant performance degradation. Nevertheless,
the proposed scheme achieves good performance in a frequency selective fading environment
that the number of clusters increases. Also, the proposed scheme can achieve near full-digital
beamforming performance using RF chains of half the number of transmitting antennas due to
large beamforming gain.
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Appendix A. The proof of (9)
The term kFRF FBB [k]k2F in (a) of (9) can be approximated as follows:
kFRF FBB [k]k2F


= Tr FRF FBB [k] FBB [k]H FRF H


−2 
H
H
H
= Tr Heff [k] FRF FRF Heff [k] Heff [k] Heff [k]
≈ Tr
= Tr




Heff [k] Heff [k]

H

H

−1 

H

H [k] FRF FRF H [k]

−1 

,

(18)

where the analog precoder typically satisfies FRF H FRF ≈ I when number of transmit antennas
Nt is sufficiently large [7].
Appendix B. The proof of (10)
Eq. (9) can be approximated as follows:
K Nu
1 XX
Ru [k]
K
k=1 u=1




≈

K

Nu X
1
log2 
1+ 2

K
σ
k=1

1
Tr



H [k]H FRF FRF H H [k]



−1  





K

1 X
≤ Nu log2 
1
+

σ 2K

(b)

k=1

= Nu log2 1 +

Tr

1

K
X

σ 2 KNu 2

k=1

(c)

≤ Nu log2 1 +

1


1
σ 2 Nu 2



Tr H [k]H FRF FRF H H [k]

Tr FRF


(d)

H [k]H FRF FRF H H [k]



−1  

NRF

≥ Nu log2 1 +
FRF H
σ 2 Nu 2

!

!
!!
K
1X
H
H [k] H [k]
FRF
K
k=1

1
!
NRF
K
1X

H [k] H [k]H FRF
,
K

H

k=1

(19)
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where (b) is based on Jensen’s inequality, (c) and (d) are based on inequality

1
 ≤
Tr M−1

1
1
1
det (M) n ≤ 2 Tr (M) for a positive definite matrix M ∈ Cn×n . The approximation error of (19)
n
n
is reduced by using property of (d). Consequently, the objective function is transformed into a
problem that maximizes (10).

Appendix C. The proof of (11)
Eq. (10) can be expressed as follows:
FRF H AFRF
=

fl H Afl

fl H AFlRF

FlRFH Afl FlRFH AFlRF


−1

FlRFH A fl
= fl H A − AFlRF FlRFH AFlRF

FlRFH AFlRF

= fl H Bl fl FlRFH AFlRF ,
where (20) can be obtained by using property of determinant

(20)
A
C

B
= A − BD−1 C |D|.
D

Then, fl H Bl fl is used to maximize spectral efficiency through the column iterative algorithm.

